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How to Use This Book

This book provides comprehensive review and extensive practice for AP
Precalculus. It is based on the latest AP Precalculus Course and Exam
Description published by the College Board.

Introduction

Start with the Introduction, which contains an overview of the AP
Precalculus course and exam. Learn the topics covered within each unit,
familiarize yourself with the exam format, and review the guidelines for
calculator use on test day. Then read through the Prior Knowledge section,
which covers important tools and skills (that you may have learned in
previous math classes) that can be applied to solve AP Precalculus
problems.

Review and Practice

Study Chapters 1 through 12, which are organized according to the units of
AP Precalculus. Every chapter includes Learning Objectives that will be
covered, a review of each topic, dozens of tables and figures that illustrate
key concepts, numerous examples with clear solutions, and multiple-choice
practice questions (with detailed answer explanations) to check your
progress. You’ll also find helpful tips and advice to keep in mind for test
day.

Note: The last three review chapters in this book focus on Unit 4 topics.
While Unit 4 topics will not be tested on the AP Precalculus exam, they
may be part of your school’s course curriculum. Furthermore, reviewing



these chapters may help build your understanding of topics that you will
encounter on the exam.

Practice Tests

This book concludes with two full-length practice tests that mirror the
actual exam in format, content, and level of difficulty. Each test is followed
by detailed answer explanations for all questions.

Glossary of Key Terms

Consult the Glossary of Key Terms at the end of this book. AP Precalculus
is a vocabulary-based subject, so a strong command of the most frequently
used precalculus terms will further prepare you for success on the exam.

Online Practice

There is also an additional full-length practice test online. You may take this
test in practice (untimed) mode or in timed mode. All questions are
answered and explained.

For Students

Students who use this book independently will improve their performance
by studying the examples carefully and trying to complete the practice
problems before referring to the answer explanations. You are strongly
encouraged to read the book from start to finish since each topic builds on
the previous ones. However, it is possible to use this book as a reference for
specific topics that need review.

For Teachers

Teachers who use this book with a class can do so in several ways. You can
assign all or part of each set of multiple-choice questions after the topic has
been covered during the school year. These sets can also be used for review



purposes shortly before exam time. The practice tests will also be helpful in
reviewing toward the end of the year.
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Barron’s
Essential

I

As you review the content in this book to work toward earning that 5 on
your AP PRECALCULUS exam, here are five things that you MUST know
above everything else:

memorize. It is much better to understand the different
mathematical concepts rather than memorizing properties
and formulas. By understanding why the properties and
formulas work, you will have a firm grasp of the topic,
which will enable you to solve the problems. No two math
questions are alike, and so it is impossible to memorize your
way through a math course, especially an AP math course.
This book often goes through the derivations of formulas
and gives background explanations of the concepts so that
you will understand how the math works.

a Develop an understanding of the content; don’t just

Build your vocabulary. Math is its own language with its
own notations and terms. Often terms in math can have
multiple meanings within the context of the problem. For
example:

» In trigonometry, tangent refers to the ratio of sides of a

right triangle or the ratio of the trigonometric functions,
sin ¢
cos "



* In geometry, tangent refers to a line that intersects a
circle in only one point.

* In calculus, tangent refers to a line that intersects a curve
at a point, matching the curve’s slope there.

Make sure you understand the specific mathematical
meanings of each term, especially those in the Glossary at
the end of this book. Most of the multiple-choice questions
on the exam measure your knowledge and ability to apply
mathematical vocabulary.

Mark your model. Since math is its own language, the way
you read and approach a problem should be different from
how you read in other subject areas. Many problems in math
require visualization. If a model is provided, it is important
to mark the model with any given information. The
markings in the model may tell you about a relationship in
the figure that will lead to an equation. If a verbal
description is provided, begin by creating a model that can
be marked.

Pause for punctuation. When you are reading a problem
and see a comma, period, semicolon, colon, or the words
and or is, you should stop and ask yourself, “Why might this
break in the problem be important?” The answer to this
question may tell you about some equation to focus on,
information that will allow you to create an equation, or
some important information that will lead to a solution to the
problem. Think of these pauses as a way for the question
writer to signal to you a list of important givens in an
organized manner.




Improve your study habits. Reaching this level in math
means that you have been a student for many years and are
not afraid to take on a challenging course. You might
already have your own study strategies in place or may
have found math very easy up until now. Studying for the
AP Precalculus exam is an opportunity for you to enhance
your study strategies. Study strategies can include:

» Spacing your studying over a span of weeks as opposed
to cramming the days before an exam.

» Reflecting on topics you struggled with, reading the
review material on that section, and answering the
practice questions. Repeating a question is a great
learning tool to ensure you understand the concept.

» Using the practice questions at the end of each chapter
to test your knowledge.

» Taking all of the practice tests to become familiar with
the testing format and using them to understand which
topics you need to repeat and practice more.

» Using flashcards to review important vocabulary or
equations that need to be better understood. The terms
you select to make cards on should be ones that are seen
often or ones that you are not familiar with.
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Introduction

AP Precalculus is a full-year course designed to prepare you for the math
you will encounter at the college level. This course should be taken after
you have completed Geometry and Algebra 2 or once you have completed
Integrated Math 3. AP Precalculus contains content that is already present in
standard high school precalculus courses. This course will develop your
ability to express functions, concepts, problems, and conclusions
analytically, graphically, numerically, and verbally and to understand how
these are related. You will also learn how to use a graphing calculator as a
tool for mathematical investigations and problem solving.

Unit Outline

The course is divided into four units. The first three units are assessed on
the AP Precalculus exam. The fourth unit includes additional topics
available to schools but those topics are not included on the AP Precalculus
exam.

Unit 1: Polynomial and Rational Functions
Unit 1 covers the following topics:

= Rates of change

m Linear functions

m Quadratic functions

m Complex zeros of polynomial functions
= End behavior of polynomial functions
m Zeros of rational functions



Vertical asymptotes of rational functions
Holes of rational functions, long division
Transformations of functions, modeling

Unit 2: Exponential and Logarithmic Functions

Unit 2 covers the following topics:

Arithmetic and geometric sequences
Exponential functions

Exponential function manipulation
Data modeling

Composition of functions

Inverse functions

Logarithmic expressions

Inverses of exponential functions
Logarithmic functions

Logarithmic function manipulation
Exponential and logarithmic equations
Exponential and logarithmic inequalities, semi-log plots

Unit 3: Trigonometric and Polar Functions

Unit 3 covers the following topics:

Periodic phenomena

Sine function

Cosine function

Tangent function

Graphs of trigonometric functions
Transformations of sinusoidal functions
Reciprocal trigonometric functions
Solving trigonometric equations
Trigonometric identity proofs



m Trigonometry and polar coordinates
= Polar function graphs

Unit 4: Functions Involving Parameters, Vectors, and
Matrices

Unit 4 covers the following topics:

m Parametric functions

m Rectilinear motion

= Implicit functions

m Conic sections, vectors

= Vector operations

= Vector-valued functions

= Matrices, matrix operations

m Linear transformations and matrices
m Matrices as functions

m Markov chains

These Unit 4 topics are not assessed on the AP exam.

Exam Format

The AP Precalculus exam is 3 hours long and is comprised of the following
sections.



Section and Question | Number of Exam

Type Questions Weighting
Part A—No 28 80 min 43.75%
Calculator
[ (Multiple-
Choice) Part B— ]
Calculator 12 40 min 18.75%
Active™®
Part A—
Calculator 2 30 min 18.75%
IT (Free- Active**
Response) . B_N
art 5—No 2 30 min 18.75%
Calculator

*Some of these questions require the use of a graphing calculator.
**Some of these questions require the use of a graphing calculator. Note
that, after 30 minutes, you will no longer be permitted to use a calculator.

Scoring_of the Exam

Each completed AP exam receives a score according to the following five-

point scale:
AP Score| Qualification

5 Extremely well
qualified

4 Well qualified

3 Qualified

) Possibly
qualified
1 No

recommendation




Many colleges and universities accept a score of 3 or better for college
credit or advanced placement. Be sure to check the AP credit policies on
individual colleges’ websites.

Using_Your Graphing_Calculator on the AP
Exam

Each student is expected to bring a graphing calculator to the AP exam.
Different models of calculators vary in their features and capabilities;
however, there are three procedures you must be able to perform on your
calculator:

1. Produce the graph of a function within an arbitrary viewing window.
2. Solve an equation numerically.
3. Compute regression models numerically.

Guidelines for Calculator Use

1. For the multiple-choice questions in Section I: Part B, you may use
any feature or program on your calculator.

2. On the free-response questions in Section II: Part A, remember the
following:

= You may use the calculator to perform any of the three listed
procedures. When you do, you need to write only the equation or
setup that will produce the solution and then the calculator result
to the required degree of accuracy (three places after the decimal
point unless otherwise specified).

m For a solution for which you use a calculator capability other than
the three listed above, you must write down the mathematical
steps that yield the answer. A correct answer alone will not earn
full credit.

= When asked to “justify,” you must provide mathematical
reasoning to support your answer. Calculator results alone will
not be sufficient.
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Don’t rely on your graphing calculator too much. Only a few of these questions
require a calculator, and in some cases, it may be an inefficient use of time.

Additional Calculator Notes

= Learn the proper syntax for your calculator: the correct way to enter

operations, functions, and other commands. Parentheses, commas,
variables, or parameters that are missing or entered in the wrong
order can produce error messages or yield wrong answers.

Keep your calculator set in radian mode. Almost all questions about
angles and trigonometric functions use radians. If you ever need to
change to degrees for a specific calculation, return the calculator to
radian mode as soon as that calculation is complete.

Many calculators do not have keys for the secant, cosecant, or
cotangent functions. To obtain these functions, use their reciprocals.

Ly T
For example, sec (8) cos(Z) -
Evaluate inverse functions such as arcsin, arccos, and arctan on your
calculator. Those function keys are usually denoted as sin™ !, cos™?,

and tan L.

To achieve three-place accuracy in a final answer, do not round off
variables at intermediate steps since this is likely to produce error
accumulations. Round off only after your calculator produces the
final answer.

Although final answers expressed in this book are in simplest form,
this is not necessary on Section II questions of the AP exam.
According to the directions printed on the exam, “unless otherwise
specified” (1) you need not simplify algebraic or numerical answers,
and (2) answers that include decimals should be correct to three
places after the decimal point. However, be aware that if you try to
simplify, you must do so correctly or you will lose credit.

Prior Knowledge



Math is very much like a staircase; each course is a stair you climb,
providing you with the skills and techniques to guide you upward to the
next course. This section will give a brief review of important tools that are
used to help solve AP Precalculus questions.

Factoring

Factoring is the process of breaking down a polynomial expression or
equation and finding its factors that, when multiplied together, return to the
original polynomial. A few different factoring techniques will be reviewed.

Greatest Common Factor (GCF)

Greatest common factor factoring refers to dividing out the greatest like
term in a polynomial. The greatest common factor can be a number, a
variable, or both.

3 Example
Bl

Factor each of the following polynomials.

1. 3x*-x
2. 2x3+6x* - 4x°
3. (x+1)°-4kx+1)>

Solution

1. There are two terms in this polynomial, 3x* and x. Their greatest
common factor is x. Factoring out x gives 3x* — x = x(3x3 - 1).

2. There are three terms in this polynomial, 2x3, 6x*, and 4x°. Their
greatest common factor is 2x>. Factoring out 2x> gives 2x> + 6x* — 4x°
= 2x3(1 + 3x — 2x%).

3. There are two terms in this polynomial, (x + 1)% and 4(x + 1). Their
greatest common factor is (x + 1)2. Factoring out (x + 1)? gives (x + 1)°
—4(x+1)?=(x+1*((x + 1) - 4) = (x + 1)*(x - 3).



Difference of Two Squares

Difference of two squares factoring refers to binomials of the form x* — p°.

To factor a difference of two squares, x> — p> = (x — p)(x + p). The factors
are known as conjugate pairs because each factor has the same terms, x and
p, but one factor is a sum and the other factor is a difference.

Example

Factor each of the following polynomials.
1. 16x°-9

2. (y—-2)*-25

3. 49 -4

4. x*-5

Solution

1. Two terms are being subtracted, 16x? and 9. Factoring using the
difference of two squares gives 16x*> — 9 = (4x — 3)(4x + 3).

2. Two terms are being subtracted, (y — 2)? and 25. Factoring using the
difference of two squares gives (y — 2)> =25 = ((y - 2) = 5)((y - 2) +
5=-7)(y+3).

3. Two terms are being subtracted, 49 and 4¢>. Factoring using the
difference of two squares gives 49 — 4t* = (7 — 2t)(7 + 2¢).

4. Two terms are being subtracted, x* and 5. Factoring using the
difference of two squares gives ¥z — 5 = (x — v5)(x + v3).

Factoring Trinomials

To factor a quadratic of the form x% + bx + ¢, look for two real numbers, p
and g, that satisfy p + g = b and pq = c.

Example

Factor each of the following polynomials.



1. y?>-24y+ 144
2. xX>+6x+8
3. z2-2z-20

Solution

1. Two numbers that multiply to ¢ = 144 are —12 and —12, and these same
two numbers add to b = — 24. Therefore, y* — 24y + 144 = (y - 12)(y -
12).

2. Two numbers that multiply to ¢ = 8 are 4 and 2, and these same two
numbers add to b = 6. Therefore, x* + 6x + 8 = (x + 4)(x + 2).

3. Two numbers that multiply to ¢ = — 20 are —5 and 4, and these same
two numbers add to b = — 1. Therefore, z° — z — 20 = (z - 5)(z + 4).

To factor a quadratic of the form ax® + bx + c where a # 0 and a # 1, you
can either guess and check or use the split the middle method.

Steps for Factoring Using Split the Middle

1. Find the product ac.

2. Determine numbers whose product is ac and whose sum is
b.

3. Split up the middle term bx, and write it as a sum of the two
numbers determined in step 2.

4. The trinomial is written as an equivalent polynomial with four
terms. Group together the first two terms, group together the
last two terms, and factor out a common factor from each.

5. A common factor for the resulting two terms should appear
that can then be factored out. Doing this will reveal the two
factors of the original trinomial.



Example

Factor each of the following quadratics.

1. 25t2+10t+1
2. 3a*-10a +8
Solution
1. Since this trinomial has an a-value other than 1, factor using the split
the middle method. The product of a and c is 25. Two numbers that
multiply to 25 are 5 and 5, and they also add to the b-value of 10.
Split the middle term:
251 + 51 + 51 + 1
Factor by grouping:
(251 + 51) + (51 + 1)
Take out a common factor from each set of parentheses:
56(5¢ + 1) + 1(5¢ + 1)
Factor out the common factor (5t + 1) from each term:
(5t + 1)(5¢ + 1)
2. Since this trinomial has an a-value other than 1, factor using split the

middle. The product of a and c is 24. Two numbers that multiply to 24
are —6 and —4, and they also add to the b-value of —10.

Split the middle term:
3a° — 6a —4a + 8
Factor by grouping:
(3¢* — 6a) + (—4a + 8)

Take out a common factor from each set of parentheses:



3ala — 2) — 4a - 2)
Factor out the common factor (a — 2) from each term:

(3a — 4¥a — 2)

Sum or Difference of Cubes

To factor a sum or difference of cubes, use the factoring formulas below:

24 pP = (x+ p)x® = px+ p?)

PP =x - pla® + px+ p?)

The trinomial obtained by factoring a sum or difference of cubes does not
factor further.

Example

Factor each of the following polynomials.

1. x*-8
2. 1+ 1000x3

Solution

1. The polynomial is an example of a difference of cubes where p = 2
since 23 = 8. Use the factoring formula:

C-8=0-20%+2x+2Y)=x-2)x>+2x+4)

2. The polynomial is an example of a sum of cubes where x = 1 since 13
=1 and p = 10x since (10x)> = 1000x3. Use the factoring formula:

14 1000x* = (1 + 10x)(12 — 10x- 1 + (10x)2) = (1 + 102)(1 — 10x + 100x2)

The Quadratic Formula

When asked to solve a quadratic equation, one method is to use factoring
and set each factor equal to zero. Sometimes it is impossible to factor a



quadratic equation. In those cases, the solutions can be found using the
quadratic formula.

The Quadratic Formula

Given a quadratic equation in standard form, ax?> + bx + ¢ = 0,
the formula below can find the solutions to the quadratic
equation:

b+ b2 — dac

2 2a

Example

Solve the following quadratic equations, and write your answer in simplest
radical form.

1. 2x*-5x—-7=0
2. 4x%>=16x+20

Solution

1. The quadratic equation is in standard form witha =2, b = -5, and c =
—7. Substitute the values into the quadratic formula:

5) 4 V(—5)% — 4(2)(—7)
2(2)

5+ +/25 + 56

The solutions are x = £,

| =1
-
u



2. The quadratic equation needs to be written in standard form first, — 4x°
+ 16x + 20 = 0. The equation is now in standard form witha=—-4, b =
16, ¢ = 20. Substitute the values into the quadratic formula:

(16) £ V(16)% — 4(—4)(20)
20-4

16 + /256 + 320
8

16 = /576
&

—16 + 24
8

16424 . ~16 - 24
g 8

The solutions are x =— 1, x = 5.

Imaginary Numbers

There are many different sets of numbers, such as integers, natural numbers,
rational numbers, and real numbers. There is also the set of imaginary
numbers. This occurs when there is a negative number under a square root.

The most basic imaginary number is v~1 and is notated as i. In other
words, i = v~1. Operations using imaginary numbers are much like
operations in the real number system.

Addition: 2i + 3i = 5i

Subtraction: 7i — 3i = 4i

When multiplying imaginary numbers, the exponents of the imaginary
number are added together and their coefficients are multiplied.

Multiplication: 2i - 5i = 10/*

Special properties are associated with the powers of i, as noted in the
sidebar to the right.

Powers of i



= =1
2 =(v=1)2 1
B=p.j 1. 0= =1

B=PR-f=-1.-1=1

The powers continue to cycle following this pattern.

When dividing imaginary numbers, the exponents of the imaginary
numbers are subtracted and their coefficients are divided.

e 495 — -
Division: I_i'; T =7(-1)
7

=

Imaginary numbers can appear when working with square roots. A
problem may ask for a solution to be written in simplest a + bi form, which
is a complex number. The a represents the real portion of the number, and
the bi represents the imaginary portion of the number.

To simplify a complex number, first rewrite all radicals with a negative
radicand as imaginary numbers by removing the negative sign and
replacing it with the imaginary number i. Finally, simplify the radical.

Example

Solve the quadratic equation, and write your solution in simplest a + bi
form.

Solution

The quadratic equation is written in standard form witha=1,b =6, c = 13.
Use the quadratic formula:



_—(6) £ V(6) — 4(1)(13)
' (1)

—6 4 v36— 52
2

x= =84 ‘Jv‘ 16

6+ iv16
2

, =64 4§

The solutions are x = -3 + 2i, x=—- 3 — 2i.

Right Triangle Trigonometry

Right triangles are made up of a right angle and two acute angles. The sum
of the 3 angles is 180°. The sides opposite the acute angles are called legs,
and the side opposite the right angle is called the hypotenuse. The lengths of
the sides of a right triangle must satisfy the Pythagorean theorem, a’ + b* =
c?, where a and b are the legs and c is the hypotenuse.

The relationship between the angle measures and the side lengths is
known as trigonometry. There are three trigonometric ratios of sides that
correspond to an acute angle measure in a right triangle.

Three Trigonometric Ratios

Given the right triangle ABC, where angle A is the right angle shown in the
figure, the sides are labeled based upon their relationship to angle 6.



Hypotenuse
Adjacent side

n
A Opposite side €.

The ratio of sides in the box above can be remembered using the following
mnemonic device:

.0 <A )
5 Ch Tx

Trigonometric Ratios of Angle

opposite AC
hypotenuse BC
__adjacent  Ag
" hypotenuse  BC

opposite AC
~ adjacent AB

sind =

cost

tand

Special Right Triangles

Two triangles have known angle measures and corresponding side lengths.
These are known as the special right triangles.

30°-60°-90° Triangle



In this triangle, the two acute angles measure 30° and 60° and the third

angle is the right angle, 90°. Their corresponding side lengths are in the
ratio 1:v3:2, as shown in the figure below.

As a result, below are six known trigonometric values that correspond to
this special right triangle:

o &8 _ l s o _\-’@

sin 30 =35 cos 307 = 5
@ 1 \-";:i = o '\f"rj

tan 30 --:E?--—E— sin GO ==

cos 607 -

Bt ot

mnmﬁu%ﬁuxﬁ

\/g

45°-45°-90° Triangle

In this triangle, the two acute angles measure 45° and 45° and the third

angle is the right angle, 90°. Their corresponding side lengths are in the
ratio 1:1:v2, as shown in the figure.

As a result, below are three known trigonometric values that correspond
to this special right triangle:



sin45°=

cos 45°

S-S
“S S

tan 45°= = =1

ot e

45°

45°

1

The trigonometric values of angles other than 30°, 45°, and 60° can be
measured using calculators. In this course, you will learn that the
trigonometric values of angles that measure more than 90° can also be
evaluated.

Law of Sines and Law of Cosines

Two laws help determine the lengths and angles of triangles that don’t
necessarily have to be right triangles. They are known as the law of sines
and the law of cosines.

Law of Sines

The law of sines relates the lengths of two sides of a triangle to the sines of
the angles opposite those sides.



The Law of Sines

side of AABC _a __b c
sine of angle opposite side  sinA  sinB  sinC

A

Example

In AABC, a = 12, sin A = 0.6, and sin B = 0.4. What is the length of side b?

Solution

Since the sine of two angles and the length of a side are given, solve for b
by using the law of sines.

a__ _b
sind  sinB

12 b
0.6 0.4

0.6b = (0.4)(12)
_48 _
b=05"8

Example




In AABC, LA =59°, LB = 74°, and b = 100 meters. Find c to the nearest
tenth of a meter.

Solution

It is helpful to make a model of the given information to determine the
necessary equation needed to solve the problem.

A C

b=100 m

First find the measure of ZC, which is the third angle of the triangle:

£C = 180° — (59° + 74%) = 47°

Now find c using the law of sines.

S
sinC  sinB
& 100

sin47°  sin 74°

¢ $in 74° = (100)(sin 47°)

100 sin 47°

: T6.1 m
sin 74°

Law of Cosines



The law of cosines relates the lengths of the three sides of a triangle to the
cosine of the angle opposite one of the sides.

The Law of Cosines

a2 =0b?+¢? - 2bccos A
b?=a?+c? - 2accosB

ct=a?+b?—2abcosC

A

Example

In AABC,a=6,b =10, and £C = 120°. What is the length of side c?

Solution

It is helpful to make a model of the given information to determine the
necessary equation needed to solve the problem.



120°
10 C

Since three sides and one angle are marked in the model, use the law of
cosines to find the length of side c.

A

2 =a® + b — 2abcos C

¢? = (6)% + (10)? — 2(6)(10) cos 120°

Use your calculator.

¢? = 196
C= 44196 = +14

Since c represents the length of a side, reject the negative length. Therefore,
c = 14.
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1
Rates of Change

Learning Objectives

In this chapter, you will learn:
- The difference between a relation and a function
- How to calculate the rate of change and its meaning
- How to calculate the rate of change of different functions

1.1 Relations and Functions

Relations

Most mathematical studies are based upon two different quantities and how
they relate to one another. This is known as a relation. A relation can be
represented by a diagram, an equation, or a list that specifies a specific
relationship between groups of elements.

For example, consider relation r shown in Figure 1.1 as both a diagram
and a list of ordered pairs.



Figure 1.1

The elements in the oval on the left are known as the set of input values,
which is also called the domain. The elements in the oval on the right are
known as the set of output values, which is also called the range. The
arrows lead from the inputs and end at their corresponding outputs.

Following the arrows helps to write the relation as a set of ordered pairs
as shown below:

r{(=1,10), (3, =7), (3, 45), (6, 12), (10, 33), (10, 45), (25, 67)}

There are two things to notice about relation r:

1. Not all of the elements in the domain were used: 5 did not have a
corresponding output.

2. Some inputs had multiple outputs: 3 mapped to —7 and 45, and 10
mapped to 33 and 45.

Functions

A relation that maps a set of input values to a set of output values where
each input value is mapped to one and only one output value is defined as a
function. For relation r as a function, 5 would need to be removed from the
domain, and both 3 and 10 should be mapped to only one output each. This
is shown in Figure 1.2.



Figure 1.2

An example of a real-life model of a function is the cost of a taxi. Taxis
calculate the cost of a ride based on the amount of time a passenger spends
in the vehicle. Therefore, the cost of a particular ride is a function of the
length of the ride. A passenger cannot have two charges for the same
duration. In this example, time is the domain and cost is the range.

Functions are powerful mathematical tools for describing how one
variable quantity depends on another. A function can be represented
verbally, numerically, algebraically, or graphically. Variables are often used
to represent the infinitely many possibilities for the domain and range of a
function. The variable representing input values is called the independent
variable, and the variable representing output values is called the dependent
variable. Since functions, like relations, can be represented by ordered
pairs, x is often used to represent the independent variable and y often
represents the dependent variable. Then every input and its corresponding
output can be represented by the ordered pair (x, y).

Often functions can be written as equations based upon a rule that
describes the relationship between the independent and dependent variables.
Returning to the cost of the taxi, for a passenger to ride, it costs $2.00 to
enter the car and $1.50 for every minute of the ride. A table of values can be
created to list the different corresponding inputs and outputs. For example,
at 0 minutes, the cost is $2.00 just to enter the taxi. After a minute of
driving, $1.50 is added to that cost for a total of $3.50. At 2 minutes,



another $1.50 is added for a total cost of $5.00. This is illustrated in Table
1.1.

Table 1.1

X = time y = cost
(minutes) (dollars)

0 2.00

1 3.50

2 5.00

3 6.50

4 8.00

Since there are infinitely many values that time can take on, listing all the
corresponding pairs is tedious. It is more efficient to write the cost of a ride
as an equation dependent upon time. Since the independent variable is time,
let x represent the time in minutes and y represent the cost in dollars. The
cost equation could be written as y = 2.00 + 1.50x.

There is another way to notate functions as equations. If f represents a
function, then f(x), read as “f of x,” represents the value of the function
when x takes on a specific value. In other words, y = f(x). The benefit of this
notation is that it allows you to see the two variables and clearly identify the
independent and dependent variables. It is also a nice way to identify
specific values. For example, to find the cost of the taxi ride after 5 minutes,
we would input 5 for x to find the cost. This substitution would look like f
(5) = 2.00 + 1.50(5) = 9.50 = y. After 5 minutes, the cost of the taxi would
be $9.50.

Different letters can be used to fit what the variables represent. For

example, t can stand for time and ¢ for cost. Our taxi equation can be
rewritten as c(t) = 2.00 + 1.50t.



Example

If f(x) = 10x — 2, find the value of f (3).

Solution

To find the value of f (3), the input is x = 3. This value is substituted for x in
the equation.

f(3)=10(3) — 2=30 — 2 =28

When x = 3, f (3) = 28 = y. The ordered pair that represents this solution is
(3, 28).

Example

Giveng ={(- 1, 1), (0, 3), (4, 7), (5, 1), (8, —10)}, find g(0).

Solution

To find the value of g(0), the input is x = 0. Find the ordered pair whose x-
value is 0. The y-value will represent the function value. The ordered pair is
(0, 3), s0 g(0) = 3.

Example

If v() = £ + 5, what is v(c + 2)?

Solution

To evaluate v(c + 2), the input is t = ¢ + 2. This input is substituted for t in
the equation.

He+2)=((c+2P+5=(c+2Nc+2)+5=c24+2c+2c+4+5=c2+4c+9
Another way functions can be represented is by their graphs. To graph a
function, plot its coordinate pairs as points on an xy-plane. The xy-plane is a
coordinate grid with a horizontal line that represents the x-axis and a



vertical line that represents the y-axis. Coordinate pairs are plotted by
moving left or right on the x-axis and then moving down or up on the y-
axis. If the function is continuous over its domain, the points of the pairs
can be connected to reveal the graph. The graph provides a nice visual and
can show different behaviors of the graph that can lead to important
conclusions about the function.

Returning to the taxi cost function, f(x) = 2.00 + 1.50x, graph the

function on the coordinate plane. Begin by plotting the values from Table
1.2 on the coordinate plane, as shown in Figure 1.3.

Table 1.2

X = time y = cost
(minutes) (dollars)

0 2.00

1 3.50

2 5.00

3 6.50

4 8.00
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Figure 1.3

Since the domain is time, assume the inputs are all real numbers greater
than zero. The points can be connected to create a continuous graph, as
shown in Figure 1.4.



Figure 1.4

This is a linear function because its graph is a line. Note that the axes can
change names, too, depending on the independent and dependent variables
being used. If we graphed c(t) = 2.00 + 1.50¢, the x-axis could be renamed
as t and the y-axis could be renamed as either c or c(t).

Various types of functions will be explored in later chapters of this book.
Many have general concepts that can be applied, including domain, range,
x- and y-intercepts, and graph behaviors.

Domain and Range

The domain of a function, f(x), is the largest possible set of numbers x for
which f(x) is a real number. To find the domain graphically, look along the
x-axis from left to right. The x-value of the point farthest to the left
represents the lower bound of the domain, and the x-value of the point
farthest to the right represents the upper bound of the domain.



The range of a function, f(x), is the set of all values that y can have as x
takes on each of its possible values.

Figure 1.5 is the graph of function g(x).
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Figure 1.5

The point farthest to the left is (-6, 0), and the point farthest to the right is
(5, 3). Therefore, the domain of g(x) is — 6 < x < 5, which can be written as
the interval [-6, 5].

The lowest points are (=6, 0) and (2, 0). The highest point is (-2, 8).
Therefore, the range of g(x) is 0 < y < 8, which can be written as the interval
[0, 8].

Figure 1.5 has closed circles on the endpoints, but not all graphs have
closed endpoints, as seen in the next figure.

Figure 1.6 is the graph of function h(x).



Figure 1.6

The point farthest to the left is (=5, 4), and the point farthest to the right is
(1, 4). Since these points have open circles, it means the graph of the
function goes up to those points but does not include those values.
Therefore, the domain of h(x) is — 5 < x < 1, which can be written as the
interval (-5, 1).

The lowest point is (-2, 1) and is graphed with a closed circle. The
highest points are (-5, 4) and (1, 4), which are graphed with open circles.
Therefore, the range of h(x) is 1 <y < 4, which can be written as the interval
[1, 4).

Figure 1.7 is the graph of k(x).



k(x)

Y
.

Figure 1.7

There are arrowheads on both endpoints. This means the graph continues in
those directions forever. Since there is no left or right endpoint, the domain
is all real numbers, which can be written in interval notation as (— oo, ).
Since there is no lowest or highest endpoint, the range is all real numbers,
which is written in interval notation as (— oo, ).

Example

State the domain and range of each of the functions in Figures 1.8 and 1.9.
1.
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Figure 1.9

Solution

1. The point farthest to the left is (0, —32) and has an open circle. The
point farthest to the right is (16, —4) and has a closed circle. Therefore,



the domain is 0 < x < 16, which can be written as the interval (0, 16].

The lowest point is (0, —32) and has an open circle. The highest
point is (16, —4) and has a closed circle. Therefore, the range is — 32 <
y < — 4, which can be written as the interval (-32, —4].

2. The point farthest to the left is (=4, 0) and has a closed circle. There is
no point farthest to the right since there is an arrowhead on the right
side of the graph. Therefore, the domain is — 4 < x or x > — 4, which
can be written as the interval [— 4, ).

The lowest point is (—4, 0) and has a closed circle. There is no
highest point since there is an arrowhead on the right side of the graph.
Therefore, the range is 0 <y or y > 0, which can be written as the
interval [0, o).

Algebraically, the domain can be calculated by considering the input
values that would make the function not exist or be undefined.

Rules to Find the Domain

There are two key rules to follow when algebraically finding the
domain of a function.

1. Do not divide by zero. Exclude from the domain of a function
any value of x that results in a 0 in the denominator. For
example, if fw =2, then x-3since 13 = 3%~ Z which is
undefined. Therefore, the domain of the function is the set of
all real numbers except 3, which can be represented as (—oo,
3) U (3, »).

2. Do not take the square root (or any even root) of a negative
number. Since the square root of a negative number is not a
real number, the quantity underneath a square root must
always be greater than or equal to O. If 0 - vx+5, then x + 5 >
0 and x = =5. The domain of the function is the set of all real



numbers greater than or equal to -5, which can be
represented as [-5, ).

Intercepts

The x-intercept of the graph of a function is found where the graph
intersects the x-axis. At this point, the output value is zero and the
corresponding input values are said to be the zeros of the function. When
graphically finding the zeros of a function, look to see where the graph
intersects the x-axis.

The y-intercept of the graph of a function is found where the graph
intersects the y-axis. At this point, the input value is zero.

Example

Find the zeros of the function f(x) shown in Figure 1.10. Also state the
coordinates of the y-intercept.
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Figure 1.10

Solution

To find the zeros, locate the x-intercepts. The x-intercepts are the points (-1,
0), (2, 0), and (4, 0). Therefore, the zeros are x = —1, 2, and 4.

The y-intercept is the point (0, 8).



To find the zeros of a function algebraically, set the equation equal to
zero and solve for x. The x-values will represent the zeros of the function.

To find the y-intercept of a function algebraically, substitute O for the
input value and solve for y. The y-value will represent the y-coordinate of
the y-intercept.

Example

Find the zeros of each of the following functions.
1. f(x)=2x-48
2. gx)=(x-3)(x+5)(x+13)

Solution

1. To find the zeros of the function, first set the equation equal to 0. Solve
for x by adding 48 to both sides of the equation and then dividing both
sides by 2.

2% — 48 =0
2y =448

x=124

2. First set the equation equal to 0. To solve for x, set each of the factors
equal to 0 since the only way a product can equal O is if at least one of
the terms in the parentheses is 0.

(x — 3Nx+50x+13)=0

(x—3)=0 (x+5)=0 (x+13)=0
x=273 x=-=5 x=-—13

Example

Find the y-intercept of each of the following functions.
1. f(x)=2x—-48
2. gx)=(x—-3)(x+5)(x+13)

Solution




1. To find the y-intercept of a function, substitute O for the input value
and solve for y.

flO)=2(0) —48=0—48=—48=y

The y-intercept has the coordinates (0, —48).
2. Substitute 0 for the input value, and solve for y.

2(0)=(0 — 3)0 + 5)(0 + 13) = (-3)}5)(13) = 195 =y

The y-intercept has the coordinates (0, —195).

Notice in the previous two examples that a function can have multiple
zeros or x-intercepts but only one y-intercept. This is true for every function
since a function can have one and only one output for any input. Since the
input for a y-intercept is always 0, that O can correspond to only one y-value
in order to remain a function.

Remember that a function can have many x-intercepts or zeros
but can have only one y-intercept.

This rule can easily be visualized using a graph and is called the vertical
line test. The vertical line test states that an equation represents a function if
no vertical line intersects the graph of the equation in more than one point.

The graph in Figure 1.11 represents a function since any vertical line

that can be drawn intersects the graph in at most one point. The graph in
Figure 1.12 is not a function since it fails the vertical line test.
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Figure 1.12

Additional Behaviors of Functions

The last general behaviors that will be discussed about functions can be
easily viewed from a function’s graph and help describe its shape. These



behaviors can also be tested algebraically and are a major topic of
conversation in calculus.

Increasing/Decreasing

A function is increasing over an interval of its domain if, as the input values
increase, the output values always increase. In other words, for all a and b
in the interval of the domain, if a < b, then f(a) < f(b).

A perfect example of an increasing function is the taxi cost equation, f(x)
=2.00 + 1.50x. As time increases, the cost of the taxi continues to increase.
As shown in Figure 1.4, as you follow the path of the graph from left to
right, the graph continues to travel up.

Alternatively, a function is decreasing over an interval of its domain if,
as the input values increase, the output values always decrease. In other
words, for all a and b in the interval, if a < b, then f(a) > f(b).

A real-world example that models a decreasing function is the value of a
new car. After you buy a car, as time increases, the value of the car
continues to decrease as the car is said to depreciate.

Figure 1.13 shows the graph of an increasing function, and Figure 1.14
shows the graph of a decreasing function.

Increasing function

J(x)
A

Figure 1.13



Decreasing function

J(x)
A

Figure 1.14

Note that a graph of a function can have both increasing and decreasing
intervals over the domain.

l Example
Pl

Using the graph of the function shown in Figure 1.15, identify the intervals
where the function is increasing and the intervals where it is decreasing.
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Figure 1.15

Solution

Begin at the left endpoint of the graph, and follow its path to the right
endpoint of the graph. Note that the function changes behavior more than
once. When stating the intervals, use the x-values since they represent the
independent variable.

The function is decreasing over the intervals (-0, —1] U (0, 2).
The function is increasing over the intervals (-1, 0) U (2, o).

Concavity

Unlike linear functions, the graphs of other functions that will be discussed
are not only continuous but are also smooth and appear to bend, sometimes
upward or downward. This is known as the concavity of a graph, as shown
in Figure 1.16.



Concave up Concave down

Figure 1.16

A more formal definition of concavity now leads to a discussion of rates of
change.

1.2 Rates of Change

A rate is a comparison between two different quantities.

To find the average rate of change, either two points or two sets
of inputs with their corresponding outputs are needed. Then the
differences can be calculated.

Finding the average rate of change between an initial point
and a final point is equivalent to finding the slope of the
segment (or secant) between those points.

Average Rate of Change

The average rate of change is the change in the value of one quantity
divided by the change in the value of another quantity. Common examples

. .7 change in distance
of average rate of change include finding the average speed = . > . 20E
Ch:i.]'lg{} mn tme

and the slope of a line segment - :':i ot
Ax X3 =X

Example

A car travels between two cities according to the distance-time graph shown
in Figure 1.17.



Distance-time graph
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Figure 1.17
(a) What is the car’s average speed for the first hour?
(b) What is the car’s average speed for the entire trip?
(c) How does the average speed in part (a) compare with the average
speed in part (b)?
Solution
(a) Initially, the car has traveled 0 miles in 0 hours. After 1 hour, the car
has traveled 40 miles. The average speed for the first hour is
410—{? = 40 mph
(b) Initially, the car has traveled 0 miles in O hours. By the end of the trip,
the car has traveled 110 miles in 2 hours. The average speed for the
entire trip is
]—;ﬂ—[}—ﬁ = 55 mph
(c) Figure 1.18 shows the two secants that represent the solutions to parts

(a) and (b). The slope of the secant for part (b) is steeper than the
slope of the secant for part (a). In other words, over the course of the
entire trip, more distance was gained after the initial hour.



Distance-time graph
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Figure 1.18

The average speed for the entire trip does not give all the details for the
speeds along the way. The average speed is just that, an average or an
overall idea of the rate of change between a starting point and an ending
point.

Finding the speed at a specific instant in time is something entirely
different. Graphically at one point, such as t = 1 hour, the secant line would
change to a tangent line, as shown in Figure 1.19.

Distance-time graph
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Figure 1.19

Finding the rate of change at this value is an issue since the previous slope
formula needs two points and only one point is known for the tangent line.

The rate of change at a point can be approximated by the average rate of
change of the function over small intervals containing the point, if such
values exist.



Example

Given the graph of function f(x) = x*> shown in Figure 1.20, find the average
rate of change at point P(4, 16).

20

P (4,16)

A
/
=

-5 Oy 5

Figure 1.20

Solution

It is impossible to find the average rate of change at one point since two
points are needed. To approximate, we will choose points to serve as
endpoints with point P to create secant lines. As the endpoints get closer
and closer to point P, the slopes of the secant lines should approach one
value. This value will be the approximation of the average rate of change at
point P. As seen in Figure 1.21, as the endpoints get closer to point P, the
secant lines begin to look the same.
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Figure 1.21

Table 1.3 will help to organize the different average rates of change.

Table 1.3
Average Rate of
Point P(4, 16) Change
A(0, 0) P(4, 16) o Y
B(1, 1) P(4, 16) 16-1_15_g
C(2, 4) P(4, 16) 6-4_1_¢
16—-9_7_ -~
D(3, 9) P(4, 16) §-9_7-7
E(3.5,12.25) | P(4,16) | 1G22 =30 =15




Average Rate of

P(4, 16) Change
F(4.36,19) | P(4,16) |55 = 36835

For x-values smaller than 4, the slopes approach 7.5. For x-values greater
than 4, the values approach s333.

Since the equation of the function is given, x-values that are even closer
to 4 from both the left and right directions can be substituted into the
function as shown in Table 1.4.

Table 1.4
Average Rate of
P(4, 16) Change

G(3.9, 15.21) P(4, 16) 16-1521_0719 ;4
H(3'95’ 16 — 15.6025 _ 0.3975 -
ae o = s = 7.5

15.6025) P(4, 16) §-395 — 005 '
1(3.99,15.9201) | P(4,16)  [*0; 15550 =001 = 799

J(4.001, . )

16.008001) P(4,16) |GG =200 —soo
K(4.01,16.0801)|  P(4, 16) 16 —16.0801 _ —0.0801 _ g4,

L(4.1, 16.81) P(4, 16) 16— 1651 — =08l _3.1

The rates of change at two points can be approximated by
calculating average rate of change approximations over
sufficiently small intervals containing each point, if such values
exist.



Coming in from the left and getting closer to point P(4, 16), points G, H,
and I have slopes that approach 7.99. Coming in from the right and getting
closer to point P(4, 16), points J, K, and L have slopes that approach 8.001.
Overall, it seems that the slopes are approaching the value of 8. Therefore,
the approximate average rate of change at point P is 8.

Example

A small local restaurant sponsored a contest to name their new special dish.
Patrons submitted their entries between noon (t = 0) and 10 p.Mm. (t = 10).
The number of entries t hours after noon is modeled by the function N for 0
< t < 10. Values of N(t), at various times t, are shown in Table 1.5. Use the
data in the table to approximate the rate at which entries were being
deposited at time t = 8.

Table 1.5

N(t)

(number
of
entries)

0 25 43 50 79 | 125

Solution

Since t = 8 is between t = 7 and t = 9, which are included in the table, find
the average rate of change between these two points to use as an
approximate rate of change for the entries being deposited at time t = 8.

Calculate the approximate average rate of change at t = 8:

N(9) — N(7) _ 79 — 50 _ 29

9-7 2 =

As demonstrated in the previous examples, a rate of change quantifies how
two quantities vary together.



A positive rate of change indicates that as one quantity increases or
decreases, the other quantity does the same. Algebraically, when calculating
the average rate of change, the value simplifies to a positive number. In the
previous example, as time increased from t = 0 to t = 10, the number of
entries continuously increased from N =0 to N = 125. In other words, the
rate at which entries were being deposited increased as the day went by. A
positive rate of change can be seen on the graph shown in Figure 1.22.
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Figure 1.22

A negative rate of change indicates that as one quantity increases, the
other decreases. For example, a freshman in college begins the semester
with $1,000 in their savings account. Each week they take out $75 to pay
for their expenses. After one week, the student has $925. The average rate
of change is 23100 = =7 — _75. Graphically, a negative rate of change can
be seen in Figure 1.23.
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Figure 1.23

Unlike Figures 1.22 and 1.23, not all graphs are linear. Each type of
function that will be discussed in later chapters has its own unique graphical
behaviors. One such behavior is known as concavity. The concavity of a
function describes how the graph of the function curves and bends as shown

in Figure 1.24.

Concave up Concave down

Figure 1.24

More formally, the graph of a function is concave up on intervals in which
the rate of change is increasing. To illustrate this, consider the function f(x)
= (x — 4)> + 2, as shown in Figure 1.25 and Table 1.6.

oA

Figure 1.25



Table 1.6
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Table 1.7 calculates the average rates of change between the pairs of points.

Table 1.7
Average Rate of
Point 1 Point 2 Change
(2, 6) (3, 3) -3
3, 3) 4, 2) -1
(4,2) (5, 3) 1
(5, 3) (6, 6) 3

As x is increasing, the average rate of change is also increasing. This
illustrates why the graph of the function is concave up in Figure 1.25.
Alternatively, the graph of a function is concave down on intervals in
which the rate of change is decreasing. To illustrate this, consider the
function f(x) = — (x — 4)? + 2, as shown in Figure 1.26 and Table 1.8.
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Table 1.8

N
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Table 1.9 calculates the average rates of change between the pairs of points.

Table 1.9

Average Rate of

Point 1 Point 2 Change

2,-2) (3,1 3
(3,1 (4,2) 1




Average Rate of

Point 1 Point 2 Change
(4,2) (5, 1) -1
(5, 1) (6, -2) -3

As x is increasing, the average rate of change is decreasing. This illustrates
why the graph of the function is concave down in Figure 1.26.

1.3 Rates of Change in Linear Functions

Many different types of functions will be discussed and analyzed in this
course. Calculating the average rate of change can be used to help identify
some of them. Consider Table 1.10, which shows the ordered pairs of the
linear function y = f(x) = -4x + 7.

Table 1.10
Ay
X y=Ff(x) Average Rate of Change = A
i _11-15 _—-4_
2 15 7*—1—(—2)* T
_ 7—-11 _—-4_
. 11 7_0—(71)_1_ =
_3-7_-4_
0 7 7—m—T——4
_—-1-3_-4__
! 3 7* 2-1 -1 *
2 -1 _—5-(-D_-4_ _,
3 — 7 3-2 1

Rate of Change

In general, all linear functions have a constant rate of change,
m g, and can be written in the slope-intercept form y = f(x) =
mx + b, where b is the y-coordinate of the y-intercept. Only
linear functions have a constant average rate of change. The



average rate of change can be used to determine whether a
particular function is linear or not. Functions that are not linear
are said to be nonlinear.

As the value of x increases by 1, the value of y decreases by 4. In other
words, for every consecutive integer ordered pair, the average rate of
change is —4. This would also be true over any interval length. Consider the
ordered pairs (-2, 15) and (3, —5). The average rate of change is

Ay _-5-15_-20_ _,
Ax 3 -(-2) 5

It is not a coincidence that the average rate of change of the linear function
f(x) = — 4x + 7 is the slope of the linear function.

Example

A strain of bacteria is placed into a Petri dish and allowed to grow. The data
collected are shown in Table 1.11. The population is measured in kilograms
and the time in hours. The data in Table 1.12 represent the maximum
number of hours an individual should work during the week. For both
tables, use the average rate of change to determine whether the function is
linear. Graph each to check.

(a)
Table 1.11
Time Population
(hours), x (kg), y
0 0.09
1 0.12
2 0.16
3 0.22




Time Population

(hours), x (kg), y

4 0.29
5 0.39
(b)
Table 1.12
Time (hours),
Age, x y
20 50
30 47.5
40 45
50 42.5
60 40
70 37.5
Solution

(a) Find the average rate of change for each pair of consecutive ordered
pairs to see if it is constant, as shown in Table 1.13.

Table 1.13



(V4

Ax

Time (hours), x Population (kg), y ‘ Average Rate of Change = >

=012-009_008_g03

0 0.09 =0

1 0.12 =0.04

2 0.16 =0.06

3 0.22

NN

=0.07

4 0.29 =0.10

5 0.39

Since the average rate of change is not constant, we know that the
function is not linear for the data in Table 1.11. Because the average
rate of change is increasing as x increases, we say that the function is
increasing at an increasing rate. In other words, not only is the
population increasing over time, but it is also growing more rapidly as
time passes. We also know that when we look at the graph of this
function in Figure 1.27, the graph will be concave up.
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Figure 1.27

(b) Find the average rate of change for each pair of consecutive ordered
pairs to see if it is constant, as shown in Table 1.14.

Table 1.14



_Ay
Average Rate of Change = Vo

Age, x Time (hours), y

20 50 :H:%:_Q,gs
30 475 7: —0.25

40 45 7: —0.25

50 425 7: —0.25

60 40 7: —0.25

70 37.5

Since the average rate of change is constant, we know that the
function is linear for the data in Table 1.12. When the data are
graphed as in Figure 1.28, we can see that it resembles a straight line.
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Figure 1.28

We can find the equation of the linear function using the point-slope
formula (y — y;) = m(x — x;) and then solving for y. Since the average rate



of change is —0.25, the slope is m = — 0.25. Choose any point to substitute
in for x; and y 1:

y—50=- -0.25(x — 20)

y=—0.25x + 55

Since the average rate of change of the linear function in Table 1.12 is
constant, the rate of change of the average rates of change of a linear
function is zero. That is why the graph is neither concave up nor concave
down.

Over any length interval, the average rate of change for a linear
function is constant. The rate of change of the average rates of
change of a linear function is zero.

1.4 Rates of Change in Quadratic Functions

A quadratic function is a function of the form f(x) = ax* + bx + ¢, where a,
b, and c are real numbers and a # 0. The domain of a quadratic function is
the set of all real numbers.

As seen in the previous section, the rate of change of a linear function is
constant. The rate of change of a quadratic function is not constant; there
are no straight-line segments on a parabola, which is the graph of a
quadratic function. To calculate the rate of change, determine the average
rate of change by finding the slope of the segment that connects two points
on the parabola. This segment is called the secant line.

Example

Consider the quadratic function y = x? and its graph shown in Figure 1.29.
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Table 1.15 shows the average rate of change between points that have
consecutive, even-length input values.

Table 1.15

Average Rate of Change

= Slope of Secant Line

(0,0)and (1, 1) =_:--g=1
(1, 1) and (2, 4) =4=1_3
(2,4) and (3, 9) =845

The graph in Figure 1.30 gives a visual representation of the slope of the
secant lines.
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As x increases, we can see that the average rates of change are increasing,
which coincides with the graph of the parabola being concave up. More
specifically, since x increases by the equal interval of 1, we can see a more
specific pattern emerging with the slopes of the secant lines. The rate of
change of the average rates of change of this quadratic function is constant,
specifically the constant 2. This will happen with any quadratic function.

Example

Which of the following functions represents a quadratic equation? State if
the graph of the parabola would be concave up or concave down.

(a)

Table 1.16

-3 -30

-2 —-14




(b)

()

-1 -4
0 0
1 -2
2 -10

Table 1.17

-3 76

-2 55

-1 36
0 19
1 4
2 -9

Table 1.18

-3 81

-2 16

-1 1
0 0




Solution

Since all the x-values in all three tables increase by 1, find the average rates
of change between each pair of points.

(a)
Pair of Points from Average Rate of
f(x) Change

(-3, —30) and (-2, —14) 16

(-2, —14) and (-1, -4) 10

(-1, —4) and (0, 0) 4

(0,0) and (1, -2) -2

(1, -2) and (2, -10) -8

The average rates of change are not constant, but the rate of change
between each is a constant —6. Therefore, f(x) is a quadratic function,
and its parabola would be concave down.

(b)
Pair of Points from Average Rate of
g(x) Change
(=3, 76) and (-2, 55) -21
(-2, 55) and (-1, 36) -19

(-1, 36) and (0, 19) =17




Pair of Points from Average Rate of

g(x) Change
(0, 19) and (1, 4) -15
(1,4) and (2, -9) -13

The average rates of change are not constant, but the rate of change
between each is a constant 2. Therefore, g(x) is a quadratic function,
and its parabola would be concave up.

(c)
Pair of Points | Average Rate
from h(x) of Change
(-3, 81) and (-2, ~
16) 65
(-2, 16) and (-1, B
1 15
(-1, 1) and (0, 0) -1
(0,0) and (1, 1) 1
(1, 1) and (2, 16) 15

The average rates of change are not constant, and the rate of change
between each is also not constant. Therefore, h(x) is neither a linear

nor a quadratic function.

Multiple-Choice Questions

1. Which of the following functions has a domain of x > 0?

(A) fix) =x°
B) foo=vx
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(C) f(x) =log x
D) fx)=ex
Which of the following are functions?

. y=—x=17+2x

II. x>+y2=64
II. x-y2=281
IV. X*+y=4
(A) Tonly

(B) Iand III only
(C) Tand IV only
(D) I, II, III, and IV

Find the average rate of change of f(x) = 3x*> — 2 from x =2 to x = 6.

(A) 24
(B) 18
©) 15
(D) 2

Which of the following linear functions is increasing?

(A) stn=4a l:
(B) h(z) =10
(C) gix)=-3x+2

(D) fx)=-7+0.9x

If a represents the zero of the function f(x) = (x — 3), evaluate g(a) if

gx)=10-2 (x - 1)3.
(A) -6
(B) -3
©) 1

(D) 3
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As a pot of boiling water cools, the temperature of the water is recorded
and placed in the table below, where time t is measured in minutes and
temperature F(t) is measured in degrees Fahrenheit. Using the data in
the table, which of the following best approximates the rate at which
the temperature of the water is changing at time t = 3.5?

t (minutes) 0 2 5 9 10
F(t)

(degrees 150.8 140 125.6 111.2 [109.4
Fahrenheit)

(A) —5.04°F/min
(B) —4.8°F/min
(C) —4.4°F/min
(D) —4.14°F/min

Given the table of values below, which of the following best describes
the behavior of the graph of the function in the interval 1 < x < 6?

X 1 2 3 4 5 6

)% 11 6 -5 —-22 -45 | =74

(A) increasing, concave down
(B) increasing, concave up
(C) decreasing, concave down
(D) decreasing, concave up

Cailey loves to bake and decides to open her own cookie stand, named
Cailey’s Cookies. Her daily fixed costs are $120 a day, and each cookie
costs $0.99 to bake. Which of the following represents a model that
expresses the cost, C, of baking m cookies in a day?

(A) C(m) = 0.99m + 120
(B) C(m)=0.99x + 120



(C) C(m)=120m +0.99

(D) C(m)=0.04125m + 5

For the function f(x) = x> — 4x + 1, evaluate f(x + h).
(A) x>—4x+1+h

(B) h>’-4h+1

(C) x> +h*>+2xh—-4x—-4h+1

(D) x*+h?>-4x—-4h+1

Io

10. Which of the following functions has the domain (-0, o), x # -9, x #
47
(A) fa)=va—36
(B) g=—5*=32

x% 4+ 5x — 36
(C) ho=x :~-4j§x 9)
(D) i(x)=x>+5x-36

Answer Explanations

1. (C) The domain of each of the functions can be seen from their graphs.

f(x) Graph Domain

2 Y
X ah All real
numbers




f(x) Graph Domain
v'X n x>0
> /
1
—1: 0 1 3 4 5 6 :7
-1Y
log x o x>0
—? 0 1 2 3 4 5 % *
—1
-2
—3Y
e~ sA All real
numbers
4
3
2
/
=3 L2 L oy i >

2. (C) For an equation to be a function, every x can correspond to one and
only one y. This can be verified graphically by seeing if the graph
passes the vertical line test or algebraically by solving for y and seeing
if each y has only one solution. The only issues are II and III since the y
is squared. When isolating the y, we extract the square root. This would
give two solutions, one positive and one negative.

Ly-x=17+2x| IL.x*+y2=64 | lLx-y2=81 | IV.x*+y=4
y=3x+17 =6t s AN y=4-x2
_}r.:.:.\;"ﬁq..r.,:z y=—81+x

y=:+-81+x
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(A) To find the average rate of change of a quadratic function, calculate
the slope of the secant line of the endpoints provided. At x = 2, y = 10,

and at x = 6, y = 106. The average rate of change = slope of secant line
Ay 106 — 10
— =124,

AX~ 6-2
(D) To determine if a linear function is increasing, decreasing, or
constant, determine the slope. A linear function is increasing if the slope
is positive, decreasing if the slope is negative, and constant if the slope
is zero. All the choices are written in the form y = mx + b, where m
represents the slope. The only linear function with a positive slope is
f(x)=-7+0.9x.

(A) First find the value of a. To find a zero, set the equation equal to
zero and solve for the independent variable:

0=(x-3)?
V0 =V (x—3)°
0=x-3

x=3=n
To evaluate g(a), substitute a = 3 for x in the function g(x):

ga)=g3)=10-23 -1 =10-202)3= -6

(B) The rate of change at a point can be approximated by the average
rates of change of the function over small intervals containing the point.
The smallest interval containing ¢ = 3.5 in the table is from t =2 to t = 5.
Calculate the average rate of change:

125;5 140 _ —14.4 4.8°F/min
5 3

2
(C) Since the y-values are getting smaller as x increases over the
interval, the function is decreasing. One way to describe the concavity
of the function is to calculate and interpret the average rate of change
between intervals of equal length. Since the given table has x increase
by 1 each time, calculate the average rate of change between points as
shown in the table.



Points Used Average Rate of Change =%

(1, 11) and (2, 6) -5
(2,6) and (3, -5) -11
(3, -5) and (4, —22) =17
(4, —22) and (5, —45) -23
(5, —45) and (6, —74) -29

100

o

The average rate of change is not constant, so it is not linear. The rate of
change of the average rate of change is a constant —6, so the function is
quadratic. Since the average rates of change are decreasing, the parabola
is concave down over the interval.

(A) Since we are asked to write a model for only one day, the fixed
costs of $120 occur only once and represent the initial cost even if zero
cookies are made. The total cost depends on how many cookies are
baked. The number of cookies baked is the independent variable, m. The
$0.99 represents the cost per cookie and reflects the slope of the linear
model. Since it is a constant rate of change, the cost to bake the cookie
is not going to change. Using the slope-intercept form of a line, the
linear cost model is written as C(m) = 0.99m + 120.

(C) To evaluate f(x + h), substitute (x + h) for x in the given function f(x)
_ 2
=x"—4x+ 1:

f[_t +h)=(x+ ;,]2 —4{x+ h) +1
={x+hx+h—4x—4h+1
x*+xh+xh+h*—4x—ah+1
=x’+2xh+h®—d4x—-4h+1

10. (B) The domain of a function is the set of input values for which the

function is defined and has a corresponding output value. In Choice (A),
a radical cannot be a negative number. So the domain for f(x) is x > 36.
For functions like Choices (B) and (C), there cannot be a zero in the
denominator. Set each denominator equal to zero and solve for x. Then



restrict these values from the domain. In Choice (B), x> +5x-36=0,
by factoring (x + 9)(x — 4) = 0, and therefore x # — 9, x # 4. In Choice
(C), (x +4)(x — 9) = 0, which means x # — 4, x # 9. Choice (D) is a
quadratic equation, so its domain is all real numbers.
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Polynomial Functions

Learning Objectives

In this chapter, you will learn:

The different properties of polynomial functions

How to graph polynomial functions

How to calculate the rate of change of different functions
How to write equivalent forms of polynomial functions
How to solve polynomial inequalities

R R R

A polynomial function, p, is a function that can be in the form p(x) = a,x" +

2y,

a, X" +a,_x .+ a; x + ap, where a,, # 0 and n is a positive

integer called the degree of the polynomial. Each member of the sum is a
term of the polynomial. The number constants a,,, a,_1, a,-», - - ., dy, dg are
coefficients. The leading term is a,x", the leading coefficient is a,, and the
constant term is a.

Polynomial functions should be written in descending order, starting
with the term of the highest power. Any term missing in the polynomial

means that 0 is the coefficient of that term. A constant is considered a
polynomial function of degree O.

Example

Which of the following functions are considered polynomial functions?



1. fo=x*+ vx

2. gl =x3 - _1
3. hx)=T7x"— -;-.r-"' Fx— 10
Solution

1. This is not a polynomial function since it contains v = x!/2.
2. This is not a polynomial function since it contains 1 = x-1.

3. This is a polynomial function since each of the exponents in
h(x) = Tx* — %xﬂ +x—101is a positive, whole number.

2.1 Polynomial Functions and Rates of
Change

In Chapter 1, calculating the rate of change helped to distinguish between
linear and quadratic functions and helped discover the concavity of
quadratic functions. Since linear functions (degree 1) and quadratic
functions (degree 2) are both types of polynomial functions, we will now
discover how the rate of change can be applied to polynomial functions of
all degrees.

Relative Extrema

A relative extremum (also known as a local extremum) means the existence
of a relative maximum or minimum point on a graph. This is a point that
looks like it is either the top or bottom of a hill. More formally, where a
polynomial function switches between increasing and decreasing, the
polynomial function will have a local (relative) maximum or minimum
output value.

This behavior can easily be identified in our basic quadratic functions,
f(x) = x> and g(x) = — x°.

For f(x) = x°, shown in Figure 2.1, the graph is decreasing when x < 0
and increasing when x > 0. At x = 0, there is a local minimum.



For g(x) = — x%, shown in Figure 2.2, the graph is increasing when x < 0
and decreasing when x > 0. At x = 0, there is a local maximum.

¥
| oA |

=

INY

maEmmEsmmEmdmmraaEEEaL

Figure 2.1

v

4 4 af

4 ) / \ 2
2

L
4o

=

an

Figure 2.2



If a polynomial function has a restricted domain, at the included
endpoints the polynomial will also have a local extremum value.

Consider the linear function f(x) = x + 5 over the domain [-2, 4]. This
linear function is of degree 1 and is considered a polynomial. By restricting
the domain, the graph of f(x) is shown in Figure 2.3.
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Figure 2.3

At the endpoint (-2, 3), there is a local minimum. At the endpoint (4, 9),
there is a local maximum.

This leads to two important theorems, the extreme value theorem and the
local extrema theorem, as defined on the right.

Extreme Value Theorem



If a polynomial function f is on a closed interval [a, b], then f has
both a maximum and a minimum value on [a, b].

Local Extrema Theorem

A polynomial function of degree n has at most n — 1 relative
maxima/minima.

Example

State the number of possible relative maxima/minima of f(x) = x* — x> — 5x?
+ 1. Confirm your answer graphically.

Solution

The degree of f(x) is 4, meaning there are at most 4 — 1 = 3 relative extrema.
It can be expected that there will be 3 or less possible relative maximum or

relative minimum points on the graph of f(x).

Figure 2.4 is the graph of f(x) = x* — x> — 5x* + 1. The graph has two

relative minima at x = —1.25 and x = 2 and one relative maximum at x = 0.
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Absolute Extrema

Over a closed interval, the greatest of all the local maxima is called the
global, or absolute, maximum. Likewise, the least of all local minima is
called the global, or absolute, minimum.

The graphs in Table 2.1 discuss the existence of absolute extrema.

Absolute extrema can occur at either relative extrema or at the
endpoints of the closed interval.



Table 2.1

Graph Absolute Extrema

y

The graph has an absolute minimum
J

at x = 2 but no absolute maxima
since the domain is not a closed
interval.
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X

Y The graph has neither absolute

maxima nor absolute minima since
- the domain is not a closed interval.
2 There is a relative maximum at x =
—1 and a relative minimum at x = 1.




Graph Absolute Extrema

Y The graph has an absolute minimum
10‘ ' at x = 2, which is also a relative
9 minimum, and an absolute
6 maximum at x = 4, which is also an
4 endpoint.
2
€ > X
8 —6 -4 -2 _A 2[4 6 8
-4
-6
8
Y
3
Y The graph has an absolute minimum

at x = 0, which is also a relative
minimum, and an absolute
maximum at x = 3, which is also an

J
10
8
6
4 endpoint.
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In graphs 2 and 3, the polynomials have zeros where the graphs intersect
the x-axis. It can be observed that between every two distinct real zeros of a
nonconstant polynomial function, there must be at least one input value
corresponding to a local maximum or local minimum. In graph 2, there are
zeros at x = —2 and x = 0 and a relative maximum at x = —1. There is also a
set of zeros at x = 0 and x = 2 and a relative minimum at x = 1.



Graphs 1 and 4 are parabolas, meaning they are a type of quadratic
equation. Both have one relative extremum. When the domain is all real
numbers as it is in graph 1, the one relative extremum is also the absolute
extremum.

In all the graphs, the polynomial functions are continuous, meaning no
breaks, and have smooth curves. In graphs 1 and 4, we see that the graphs
are always concave up. However, in graphs 2 and 3, the graphs go from
concave down to concave up. The point where the concavity changes is
known as the point of inflection. For graph 2, the point of inflection is at x =
0, and for graph 3, the point of inflection is at x = 1.

Polynomial functions of an even degree have either a global
maximum or a global minimum.

Point of Inflection Theorem

The graph of a polynomial function of degree n, with n = 2, has
at most n — 2 points of inflection. The graph of a polynomial
function of odd degree has at least 1 point of inflection.

Example

State the number of possible points of inflection of p(x) = 3x* + 5x> — 17x°
— 14x + 6. Use a graph to estimate their location.

Solution

The degree of the polynomial is 4. There will be at most 4 — 2 = 2 points of
inflection, as shown in Figure 2.5.
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2.2 Real and Com
Functions

lexyZeros of Polynomial

There are different ways to find the zeros of a polynomial function.
Graphically, the zeros are located at the x-intercepts. Algebraically, the
equation is set equal to 0 and solved for the independent variable. As the
degree of the polynomial function increases and becomes larger than 2, it is
common that the equation will have to be factored more than once or a
graphing calculator will have to be used to locate the x-intercepts.

The degree of the polynomial states how many zeros the function has,
both real and imaginary. For the polynomial p(x) = a x" + a,_x""* +

n-2
an_zx + ..

.+ ay x + ay, where a,, # 0, there will be n complex zeros. A
complex number is of the form a + bi, where ;- +~1 and where a and b are
real numbers. The real component of the number is a, and bi is the
imaginary component. While a polynomial function of degree n will have
exactly n complex zeros, it doesn’t necessarily mean that it will have
exactly n real zeros. This means that the graph of a polynomial function will
not always have the same number of x-intercepts as its degree. This may be

due to repeated zeros or imaginary zeros.

Example

Find the zeros of each of the polynomial functions. Confirm your answer
graphically.

1. f(x)=x>—-3x*>—4x+12
2. g(x)=x*-5x>-36

Solution




To algebraically find the zeros, set each equation equal to 0 and factor to
solve for x.

1. Factor this equation by grouping. Group together the first two terms
and the last two terms. Then factor out their respective greatest
common factors:

-3 —-4x+12=0

(x® - 3x%) + (—4x + 12) =10
2Ux-3)—-4x-3)=0
(x2-4)(x-3)=0

The first factor can be factored again since it is a difference of two
perfect squares:

(x4 2)x—2}x—-3)=0
Set each factor equal to zero and solve for x:
x==-2,x=2x=13

There are three real zeros of this polynomial function.
Consider the graph of f(x) in Figure 2.6.
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Figure 2.6

There are three x-intercepts, (-2, 0), (2, 0), and (3, 0). As expected,
the x-coordinates match the zeros found algebraically.

This was a third-degree polynomial that had three real zeros and
three x-intercepts.

Factor this equation using product-sum:

4

-5 —36=0

x2-9)(x2+4)=0

The first factor can be factored again since it is a difference of two
perfect squares. The second factor is a sum of two perfect squares and
cannot be factored with real numbers:

(x+3)x—3Mx2+4)=0

Set each factor equal to zero and solve for x:



To solve for x for the last factor, extract the square root:

Vit =vV=1
x=+v-14

Simplify the square root using imaginary numbers:
x=2ix=-2i

There are four complex zeros: x = 3, x = — 3, x = 2i, x = — 2i. There
are two real zeros and two imaginary zeros.

Consider the graph of g(x) in Figure 2.7.

Figure 2.7

There are two x-intercepts, (—3, 0) and (3, 0). Only the real zeros
are x-intercepts for the graph. Since the coordinate plane graphs only
real numbers, the imaginary zeros do not appear on the graph.

A few key properties were demonstrated in the previous examples.



Key Properties of the Polynomial Function p(x)

1. If ais a complex number and p(a) = 0, then a is called a zero
of p, or a root of the polynomial function p.

2. If aiis a real number, then (x — a) is a linear factor of p if and
only if ais a zero of p.

3. Ifais areal zero of a polynomial function p, the graph of y =
p(X) has an x-intercept at the point (a, 0).

4. If a + biis a nonreal zero of a polynomial p, its conjugate a —
bi is also a zero of p.

Example

Find the zeros of each function.

1. p(x)=x*-25
2. q(x)=x>-2x*+5x

Solution

Set each equation equal to 0, and factor each polynomial completely.

1.

(x? — 5)(x% + 5)
(x = vBlx+ v5)x - ivBE)x+ iv5)=0

The zeros of the polynomial are x= v5, - v3,iv5, —iv5. The
irrational zeros occur in conjugate pairs, as do the imaginary zeros.

¥ _2xf 4 5x=0
My —2¢+5)=0

x=0,x2-2x+5=0



Use the quadratic formula to find the other two zeros.

=2+ V(22— a()5) _ 2+ V=T6 _2+4i_ ;4o

. 2(1) 2

2

The zeros of the polynomial are x = 0, 1 + 2i, 1 — 2i. There is one
real zero, and the two imaginary zeros occur in conjugate pairs.

Example

Find a polynomial function f(x) with real coefficients of degree 4 that has
the zeros -2, 3, and — 1 + i and whose leading coefficient is 1.

Solution

Since it is given that f(x) is degree 4, there should be exactly four complex
zeros. Two of the three given zeros are real, and the third zero is — 1 + i.
That means that the fourth zero of f(x) is its conjugate pair, — 1 — i. Now
that all four zeros have been found, their linear factors can be written, as
shown in Table 2.2.

Table 2.2
x=-2 x=3 x=—1+1i x=—1-1i
(x+2) x-3) x-(CC1+i)|x-(—-1-10)

Since the leading coefficient was given as 1, to find the polynomial,
multiply the factors together:
fr=x+2)x=-3)x-(-1+Nx-(-1-0)
fo=0(2-3x+2x-6)x2 - (-1 - Dx— (-1 + Dx+(-1+D-1-0)
Jo=x-x—-6)+Ix+ix+1lx—ix+1+i—i-i?)
flxy=(x? — x — 6)(x? + 2x + 2)
oo =x"+ x* — 632 — 14x — 12

Counting Repeated Zeros



There is no guarantee that linear factors of a polynomial are all different.
For example, p(x) = x> — 8x + 16 = (x — 4)(x — 4) = (x — 4)°. Since the
degree is 2, one might assume there would be two zeros. However, p(x) has
two equal zeros, x = 4. Since x — 4 is repeated two times when p(x) is
written as a product of linear factors, it is said that “4 is a zero of
multiplicity two.”

Repeated zeros have an interesting relationship when the polynomial is
graphed, as shown in Figure 2.8.
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Figure 2.8

For the graph of p(x) = (x — 4)?, at the zero x = 4, the graph has an x-
intercept at (4, 0) but does not pass through the x-axis. Instead, the graph
seems to bounce off. This is known as the graph being tangent to the x-axis
at x = 4. It is also important to note that the x-values close to x = 4, both on
the left and right side, have corresponding y-values that are positive.

When polynomial functions are written as a product of their linear
factors, the sum of the multiplicities of each factor represents the degree of
the polynomial.



Example

Given: f(x) = (1 - x)> (4 + x)?
(a) Find the degree of the polynomial.
(b) Discuss the behavior of the graph of f(x) at the x-intercepts.

Solution

(@) When all the factors of the polynomial function are multiplied
together, the term with the greatest power will be (x*)(x?) = x°. So the
degree of f(x) is 5.

The sum of the multiplicities of the factors is 3 + 2 =5,
confirming the degree of f(x). Since f(x) is a fifth-degree polynomial,
it has a total of five complex zeros. Specifically, 1 is a zero of
multiplicity 3, and —4 is a zero of multiplicity 2.

(b) To see the behavior of the graph at both an even and odd multiplicity,
consider the graph of f(x) shown in Figure 2.9.
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Figure 2.9

The behaviors at each of the x-intercepts are different. At (1, 0) the
graph crosses the x-axis, but at (—4, 0) the graph is tangent to the x-
axis.

Remember

When counting possible zeros from the graph of a function, we
cannot assume that an x-intercept corresponds to exactly one
zero. The following generalizations exist:

1. A polynomial function of degree n has exactly n complex
zeros, provided that repeated zeros are counted the number
of times they occur as factors when the function is written as
a product of linear factors.

2. If the graph of a polynomial function y = f(x) crosses the x-
axis at (k, 0), then k occurs as a zero an odd number of
times.

3. If the graph of a polynomial function y = f(x) is tangent to the
x-axis at (k, 0), then k occurs as a zero an even number of
times.

Example

Find a polynomial function f for which 2 is a zero of multiplicity 2 and 3
is also a zero.

Solution

Since 2 is a zero of multiplicity 2 for function f, (x — 2)? is a factor of the
function. Since /5 is a zero, then its conjugate, — /5, is also a zero.
Therefore, (x - v/3) and (x + v5) are also factors of function f.

Multiply to find one possible polynomial function for f(x):



flx)=(x - 2)%x - V5)x + V5) = (x2—4x+ 4](.1‘2 - 5)
flx)y=x*—4x> — x* + 20x — 20

l Example
Bl

Find a polynomial function f that would match the graph in Figure 2.10.
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Figure 2.10

Solution

Table 2.3 shows a way to organize the given and needed information.

Table 2.3



Coordinates of

the x-intercept (=2,0) 0,0) (5,0

Graph
behavior at the
X-intercept

Crosses x-axis

Crosses x-axis

Tangent to the x-

Multiplicity Odd

Possible

axis
Odd Even
X (x — 5)?

Assuming the leading coefficient is 1, one possible function is f(x) = x(x +

2) (x - 5)°.

Line and Origin Symmetry

When working with graphs of functions, it is helpful to know whether the

function has any special symmetry.

A graph has line symmetry if the graph can be mapped onto itself by a
reflection over a line. Figure 2.11 shows a graph with vertical line

symmetry.
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A graph is symmetric to the origin if, after it is reflected over both the x-
and y-axes, in either order, the new graph coincides with the original graph.
The graph in Figure 2.12 is symmetric to the origin.

Figure 2.11
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Figure 2.12



Even and Odd Functions

Functions that have y-axis symmetry or origin symmetry are given special
names.

A function fis an even function if its equation remains unchanged when
x is replaced with — x, that is, f (— x) = f(x) for all x. Even functions are
symmetric to the y-axis. For example, the function f(x) = x? is an even
function since replacing x with — x gives f (- x) = (- x)> = x* = f(x). The
graph in Figure 2.11 is an even function since it has y-axis symmetry.

A function fis an odd function if replacing x with — x changes the sign of
each term of the equation to its opposite, that is, when f (- x) = — f(x) for all
x. The graph of an odd function is symmetric to the origin. For example, the
function f(x) = x> — x is an odd function since replacing x with — x gives f (-
x) = (- x)3 = (- x) = - x> + x = — f(x). The graph in Figure 2.12 is an odd
function since it has origin symmetry.

Example

The function f(x) over the domain — 10 < x < 10 is represented for selected
values in Table 2.4. Given that f(x) is an even function, complete the rest of
the table.

Table 2.4

-10 -4 -1 0 1 4 |10

Solution

Since the function is even, the graph is symmetric with respect to the y-axis,
meaning that the y-value is the same for every positive and negative x-
value. This is shown in Table 2.5.

Table 2.5
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2.3 Polynomial Functions and End Behavior

The graphs of all polynomial functions are continuous because there are no
values of x for which the function would be undefined. That means that
there are no breaks, holes, jumps, or asymptotes in the graph.

The discussion of end behavior of the graph of a polynomial function is
an interesting one since the domain of a polynomial function is all real
numbers, meaning the domain does not end. To really examine the end
behavior, the concept of a limit must be introduced.

Definition of a Limit

Given a function f(x), the limit of f(x) as x approaches c is a real number L if
f(x) can be made arbitrarily close to L by having x approach close to ¢ but
not be equal to c. Table 2.6 shows limit notation and how to read it.

Table 2.6

Notation

The limit as x
lim f(x) = L approaches c of
f(x) equals L

If the limit equals a value L, it is said that the limit exists. It is also
understood that the values of f(x) approach L as x approaches c¢ from both
the left and the right.

Our focus is on end behavior, so our limit won’t be approaching a value.
Instead for x to go all the way to the end on the left, it will be going toward
negative infinity, and on the right, it will be going toward positive infinity.



The symbol oo is used to represent infinity. Infinity is the idea of
something unlimited, without bounds. Infinity can appear in limits in two
ways: as what x is approaching or as what the function is approaching.

To test for end behavior, first determine whether the leading coefficient
of the polynomial is either positive or negative. Then determine if the
degree is either even or odd. This leads to four possible scenarios for the
polynomial p(x), as explained in Table 2.7.

Table 2.7
Leading Limit
Coefficient| Degree End Behavior Notation
Positive Even Graph rises on the left and right
Jim plx) = +oc
\ / xlllll'll plx) = +oc
Positive Odd | Graph falls on the left and rises on

the right LLim, p(x) = — 00

/ / xlill'll plx) = 400

Negative Even Graph falls on the left and right

Jim p(x) = —oc

/ \ _1111.111‘ plx) = —oc




Leading Limit

Coefficient End Behavior Notation

Negative Odd | Graph rises on the left and falls on
the right Aim_ px) = +o0c

\ \ xm-‘l plx) = —oc

This behavior can be easily identified in two basic polynomial functions,
f(x) = x* and g(x) = x>. For f(x) = x°, the leading coefficient (1) is positive,
and the degree (2) is even. In Figure 2.13, it can be verified that the graph
rises on the left, lim_f(x)=+2c, and rises on the right, lim f(x) = +2c .
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Figure 2.13

For g(x) = x>, the leading coefficient (1) is positive, and the degree (3) is
odd. In Figure 2.14, it can be verified that the graph falls on the left,
AJim_g(x) = —oc | and rises on the right, lim g(x) =+

oA e
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Figure 2.14

Example

State the left and right end behavior of h (x) = — 4x> — 17x* — 14x + 6 using
limit notation. Confirm your answer graphically.

Solution

The leading coefficient of h (x) is —4, which is negative, and the degree of h
(x) is 3, which is odd. Therefore,  lim h(x)=+oc and Jim h(x)= —oc, This is
confirmed by the graph in Figure 2.15, which rises on the left and falls on
the right.
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2.4 Graphs of Polynomial Functions

Using information from all the previous sections in this chapter helps to
graph polynomial functions without the use of a graphing calculator. Below
is a summary of a seven-step strategy for graphing a polynomial function.

Seven-Step Strategy for Graphing a Polynomial Function

1. State the degree of the function: this will help determine how
many Xx-intercepts the graph may have.

2. State the number of possible relative extrema and points of
inflection: this will help determine how the graph will bend
and if there will be any relative minima or maxima.

3. Test for end behavior: examine the leading coefficient and
degree to determine the end behavior of the graph.

4. Find the x-intercept(s): completely factor the polynomial and
find its zeros.

5. State the multiplicity of each zero: this will help determine the
behavior of the graph at each x-intercept.

6. Find the y-intercept: evaluate the polynomial function at x =
0.



7. Sketch the graph using the above steps.

Example

Sketch the graph of the polynomial function f(x) = 2x> + 2x> — 8x — 8.

Solution

Use the seven-step strategy.

State the degree
Degree = 3, the function will have at most 3 real zeros so at most

3 x-intercepts

State any relative minima/maxima and points of inflection
3 — 1 = 2, there will be at most 2 relative minima/maxima
3 — 2 =1, there will be at most 1 point of inflection

SN=EK) Test for end behavior
Degree = 3, odd
Leading coefficient = 2, positive
JAimf(x) = —oc: graph will fall on the left
Jim f(x) = +oc: graph will rise on the right

Find the x-intercept(s)

Set the equation equal to 0 and factor completely. Then solve for
X.

2 4+ 27 —Bx—8=0
x4 xf —ax —a)=0
2x¥x+ 1) —4x+ 1] =0
20 —a)x+ 1)=0

2x =2+ 2x+11=0

Divide by 2 on both sides of the equation:



x—2Nx+2)x+1)=0

The zeros are x = - 2, 2, —1.
The x-intercepts are (- 2, 0), (2, 0), (- 1, 0).

State the multiplicity of each zero

Using Step 4, f(x) is written as a product of linear factors. Each
factor has a power of 1, so each zero has a multiplicity of 1.
Therefore, the graph of f(x) crosses through the x-axis at each x-
intercept.

Find the y-intercept
Fl0) = 2(00% + 2(0)° — 8(0) — 8= -8

The y-intercept is at the point (0, —8).

Graph

First graph the information found in Steps 1-6 on a set of axes as
shown in Figure 2.16.
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Then connect with smooth, continuous curves as shown in Figure
2.17. Check to see that there are at most 2 relative extrema and 1
point of inflection.
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Figure 2.17

Note: Only the x-axis is scaled since the location of the relative
extrema and point of inflection are being estimated. Since it is a
sketch, the primary concern is the overall shape of the graph. The
exact location of relative extrema and points of inflection is
saved for a calculus course.

Example

Sketch the graph of the polynomial function g(x) = — 3(x — 1)*(x + 1)(x —
5).



Solution

Utilize the seven-step strategy.

State the degree

The function g(x) is already written in terms of its linear factors.
To find the degree, find the sum of the multiplicities.

Degree =2 + 1 + 1 = 4, the function will have at most 4 real
zeros so at most 4 x-intercepts

State any relative minima/maxima and points of inflection
4 — 1 = 3, there will be at most 3 relative minima/maxima
4 — 2 = 2, there will be at most 2 points of inflection

SINEK) Test for end behavior
Degree = 4, even
To find the leading coefficient, multiply all the leading
coefficients in each term together.

Leading coefficient = (- 3) (1)%(1)(1) = — 3, negative
Jim_g(x) = —cc: graph will fall on the left
Jim g(x) = —oc: graph will fall on the right

Find the x-intercept(s)

The function g(x) is already written as a product of linear factors.
Setting each factor equal to O shows that the zeros are x = 1, x = —
1, x = 5. Therefore, the x-intercepts are (1, 0), (-1, 0), and (5, 0).

State the multiplicity of each zero
Table 2.8 shows a way to organize the information.

Table 2.8




Multiplicity 2 1 1

Graph . : :
: Tangent to x-axis | Crosses x-axis Crosses x-axis
Behavior

Find the y-intercept

g(0)=—3(0 — D*0 + 10 — 5) = —3(—-1*(AN-5) =15

The y-intercept is at the point (0, 15).

Graph

First graph the information found in Steps 1-6 on a set of axes as
shown in Figure 2.18.
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Figure 2.18

Then connect with smooth, continuous curves as shown in Figure
2.19. Check to see that there are at most 3 relative extrema and 2
points of inflection.
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Note: Only the x-axis is scaled since the location of the relative
extrema and points of inflection are being estimated. Since it is a
sketch, the primary concern is the overall shape of the graph. The
exact location of relative extrema and points of inflection is
saved for a calculus course.

Example

Write a possible polynomial function for the graph shown in Figure 2.20.
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Solution

Utilizing the seven-step strategy for graphing helps to identify important
parts of the graph to pay attention to when writing an equation for a
possible polynomial function.

Find a possible degree of the function
Since there are 4 x-intercepts, the degree is at least 4.

State the number of possible relative extrema and points of
inflection



There are two relative minima and two relative maxima, meaning
n—-1=4,
determining that the degree is at least 5.

From left to right, the graph is concave up, then concave down,
then concave up, and then concave down again. Therefore, there
are 3 points of inflection. This means n — 2 = 3, proving the
degree is 5.

Test for end behavior

The graph rises on the left and falls on the right. Therefore, the
leading coefficient is negative, and the degree is odd.

Find the x-intercept(s)
The x-intercepts are (-2, 0), (-1, 0), (0, 0), and (5, 0).

State the multiplicity of each zero
Table 2.9 organizes all of the information.

Table 2.9

(-2,0) (-1,0) (0, 0) 5, 0)

x+2) x+1) x-0)=x (x—5)

Graph Crosses x- Crosses x- Crosses x- | Tangent to x
Behavior axis axis axis axis

Multiplicity Odd Odd Odd Even

Find the y-intercept
The y-intercept is at (0, 0).

Write a possible function for the graph of the polynomial

Sy = —x(x + 2)(x + 1) (x — 5)?



Note: There are infinitely many possible solutions. You must
check that the sum of the multiplicities is at least 5, the leading
coefficient is negative, and the correct multiplicities are given for
each factor.

2.5 Equivalent Representations of
Polynomial Expressions

A binomial such as (a + b)" may be expanded by repeated multiplication
using (a + b) as a factor n times or by using an algebraic formula called the
binomial theorem.

The binomial theorem shows how to expand a binomial to a given power
without performing repeated multiplication.

The Binomial Theorem
If n is a positive whole number, then
(a+b)" = Coa"’ + C,a" bl + C,a"%p? + .. .+ ,Ca’%"
where 6=t

When the values of ,C, are arranged in a triangular pattern in which the

rows correspond to successive values of n, starting with n = 0, the result is
an array of numbers called Pascal’s triangle, shown in Figure 2.21 below.

row 0O: 0Co 1

row 1: 1Co 1C 11

row 2: 2Co 2C; 2Cy 1 2 1
row 3: 3Cy 3C) 3Gy 1G5 1 3 3 1
row 4: 4Co 4C1 4Gy 4C3 4Cy 1 4 6 4 1

row 5: SCO 5C1 5C2 5C3 5C4 SCS | 5 10 10 5 1



Figure 2.21
In Pascal’s triangle, each number after 1 is the sum of the two numbers
directly above it. Pascal’s triangle makes it possible to find the value of ,C,

for different values of n and r, where n is the row number and r =0
corresponds to the first entry in each row.

Example

Write the expansion of (x — 3y)*.

Solution

Use the binomial theorem to expand (x — 3y)* where a = x, b = — 3y, and n
=4,

(x — 39 =,C¥"(—3y)" + ,Cx¥H(—3y)" + ,Cx®(—3y)* +,Cx' (- 3y + ,Cx%(—3y)"

Evaluate the coefficients in front of each term either by using the formula

Cr --,.![””! A1 OF by copying the values from row 4 of Pascal’s triangle in

Figure 2.21.
(x = 397 = Lx? + ax¥(—3y) + 6x%(—3y)* + ax(—3y)* + 1(—3y)?

= x' — 1203y + 54x%y® — 108x)y* + 81y*

Example

Write the expansion of (x + y)°.

Solution

Use the binomial theorem to expand (x + y)®, where a =x, b=y, and n = 6.
y
{.‘4.' 1L j,J['r — ';'.I(:UJ:E-.JII" [if:l_-._ﬁ}p:l 4 H(;:FI}.E ..:.“(::rr'!y'!_._ .;f:.;-‘fz}ﬂ H(__‘ﬁ_.,:ly-"r 4 (i(:[:,ln_'l-'ﬂ

Evaluate the coefficients in front of each term either by using the formula

=T [ 5 or by using the values from row 6 of Pascal’s triangle. Figure

2.22 shows how to obtain row 6 from row 5 of Pascal’s triangle. Write 1 as



the first and the last member of row 6. Then obtain each of the remaining
numbers in row 6 by adding the two numbers directly above from row 5.

row 5: 1 5 10 10 5 ]
AW AWAWAW,

row 0: 1 6 15 20 15 6 |
Figure 2.22

(x + )%= 1x8 + 6%y + 152 y? + 200y + 1522y + 6xy” + 18

2.6 Polynomial Inequalities

The key to solving polynomial inequalities comes from the geometric
property that the graph of y = f(x) lies above the x-axis when f(x) > 0 and
lies below the x-axis when f(x) < 0.

The solutions of f(x) > 0 are the numbers x for which the graph of f(x)
lies above the x-axis. The solutions of f(x) < 0 are the numbers x for which
the graph of f(x) lies below the x-axis.

Solving Polynomial Inequalities

1. Write the inequality in one of these forms:
flx) >0 flx) =0 fix) <0 fix) =0
2. Determine the roots of f(x).

3. Use test points to determine whether the graph of f(x) is
above or below the x-axis on each of the intervals
determined by the roots.

4. Find the solutions of the inequality.

Example




Solve: 2x> — 15x < x2

Solution

1.

Write the inequality in the form f(x) < O:
2x* — x% — 15x <0

Determine the roots of f{x) = 2x> - x*> — 15x.

Factor the function: 2x> — x*> — 15x = x(2x?> — x — 15) = x(2x + 5)(x — 3)
The roots are x =0, x= -3, and x = 3.

Plot the roots on a number line, as shown in Figure 2.23. Determine

the sign of the polynomial on each of the intervals determined by the

roots. Each root has an open circle since the inequality is strictly less
than 0.

Test value: x=-3 Test value: x = —1 Test value: x = 1 Test value: x =4

- A -
-<£ >

Negative Positive 0 Negative 3 Positive

| ¢

Figure 2.23

Since f(x) < 0, the solution sets lie in the intervals where f(x) is
negative. The solution intervals are ( —00, —%) u (0, 3).

Example

Solve: (x + 15) (x - 2)%(x - 10) < 0

Solution

1.
2.

The inequality is already in the form f(x) < 0.
Determine the roots of f{x) = (x + 15) (x — 2)%(x — 10).
The function is already factored.

The roots are x = — 15, x = 2, and x = 10.



Plot the roots on a number line, as shown in Figure 2.24. Determine
the sign of the polynomial on each of the intervals determined by the
roots. Each root has a closed circle since the inequality is less than or
equal to 0.

Test value: x =-16 Test value: x = —1 Test value: x=5 Test value: x =11
€ o < o >
Positive -15 Negative 2 Negative 10 Positive
Figure 2.24

Since f(x) < 0, the solution sets lie in the intervals where f(x) is
negative. The solution intervals are [- 15, 2] U [2, 10]. The reason
why the interval is broken up at x = 2 is because at x = 2, the function
equals 0, which is not negative.

Multiple-Choice Questions

1.

IS

Three of the roots of a polynomial equation with rational coefficients
are —3, 2i, and —4 + 56 . What is the lowest possible degree of the
equation?

(A) 3

(B) 4

€ 5

(D) 6

Let f(x) represent a third-degree polynomial function with real
coefficients. When y = f(x) is graphed, it is found that f (3) =— 1 and f
(4) = 2. Which statement must be true?

(A) The function f(x) has exactly one real zero in the interval [3, 4].
(B) The function f(x) has exactly one real zero in the interval [-1, 2].

(C) The function f(x) has exactly one or three real zeros in the interval
[3, 4.
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(D) The function f(x) has exactly one or two real zeros in the interval
[-1, 2].
Let c(x) represent a fourth-degree polynomial function with real

coefficients. When y = c(x) is graphed, it is found that c¢(5) = 3 and ¢(9)
= 4. Which statement must be true?

(A) The function c(x) has an odd number of real zeros in the interval
[5, 9].

(B) The function c(x) has either no real zeros or an even number of
real zeros in the interval [5, 9].

(C) The function c(x) has at least one real zero in the interval [3, 4].

(D) No conclusion is possible.

Based on the accompanying graph of the polynomial function y = h (x),
which statement must be true?

y
10O A

80

(A) The degree of the function h is even.

(B) The leading coefficient of the function h is negative.

(C) x=-2isa zero of multiplicity 2, and x = 4 is a zero of
multiplicity 1.

(D) Two of the factors of the function h are (x + 2) and (x — 4).

Given the nonconstant polynomial function f(x) whose domain is [a, €]
where a <b <c<d<e,if f(b) = f(c) = f(d) = 0 and no other values of x
in the domain are such that f(x) = 0, which statement must be true?



(A) There is only one relative extremum in the interval [a, e].
(B) There are two relative extrema in the interval [a, e].

(C) f(a)>0andf(e) > 0.

(D) The graph falls on the left and right.

1o

Let f be a polynomial function that is even and continuous on the
closed interval [-3, 3]. The function f has the properties indicated in the
table below.

0 0<x<1 1 1<x<2 2 2<x<3

f(X) 1 Positive 0 Negative -1 Negative

Which of the following could be a graph of f?
(A)

(B)
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For what value of k is (x + 1) a factor of the function g(x) = x* + 6x> + k
x> = 26x — 24?

(A) -1

B) 1

€ 3

(D) 43

Which of the following is a possible polynomial function for the graph
shown below?




(A) flx)=(x=5)7*(x+1)*x+3)
(B) h(x)=(x-5)(x+1) (x+3)
(€) g(x) = (x+5)° (x — 1)*(x = 3)
(D) m(x) = (x +5) (x — 1)° (x = 3)°

ko

Which of the following statements must be true about the function that
is represented by the graph shown below?

y
A

A
i

3 X

Y

(A) Jim_flx)=-oc and lim f(x) = —oc
(B) =% =fx)
(©) f=2=-1x

(D) This function has no real zeros.

10. Let g be a polynomial function over the interval [a, e] with the
properties listed in the table below.

@h | 0 | ©d | @o | @n

Average
2EIGCNeI M Increasing | Increasing | Decreasing | Increasing | Decreasing

Change

Which of the following statements must be true?



(A) There are two relative extrema.

(B) There are three relative extrema.
(C) There are two points of inflection.
(D) There are three points of inflection.

Answer Explanations

1.

IS

(C) Imaginary and irrational roots come in complex conjugate pairs. So
the roots are really —3, 2i, —2i, -4+ 5v6, and -4 - 5v6. If each of these
roots occurs only once, the lowest possible degree of the equation
would be 5.

(C) Since f(x) is a third-degree polynomial, the function will have at
most three zeros and the graph will have at most three x-intercepts.
Since the output values change from negative to positive over the
interval [3, 4], the graph must cross the x-axis at least once. Since no
other function values were given, you cannot assume that the graph
crosses the x-axis only once. Below are two possible scenarios that
would satisfy the given information.

These graphs show how it is possible to have one or three zeros in the
interval.
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3. (B) It is given that c(x) is a fourth-degree polynomial. This means that it
can have at most four real zeros. This also means that its end behavior
either rises on both the left and right or falls on both the left and right.
What that guarantees is that if this function does cross the x-axis, it must
cross again in order to have the correct end behavior. Therefore, if this
function does have real zeros, they will occur an even number of times.
Below are possible scenarios for the given behavior.
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The first graph on the previous page has no real zeros, the second graph
on the previous page has two real zeros, and the graph above has four
real zeros. It is possible to have a graph that is tangent to the x-axis to fit
the given information, but that would mean that zero has an even
multiplicity and would count as two zeros.

(D) Since the end behavior of the graph falls on the left and rises on the
right, the function must have an odd degree and a positive leading
coefficient. Since the graph crosses the x-axis at x = =2, its factor (x + 2)
must have an odd multiplicity. Since the graph is tangent to the x-axis at
x = 4, its factor (x — 4) must have an even multiplicity.

(B) Between every two distinct real zeros of a nonconstant polynomial
function there must be at least one input value corresponding to a local
maximum or local minimum. Since it is given that there are exactly
three and only three zeros for this function, b, c, and d, there exists a
zero between x = b and x = ¢ and a second zero between x = ¢ and x = d.

(A) Since f'is a polynomial function, there must be smooth bends in the
graph, which eliminates Choice (B) with its sharp corners. It was given
that f is an even function. So it must be symmetric with respect to the y-
axis, which eliminates Choice (C). Choice (D) is eliminated because it
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Rational Functions

Learning Objectives

In this chapter, you will learn:

The different properties of rational functions
How to graph rational functions

How to divide rational functions

How to solve rational inequalities

LR R 2

A rational function is represented as a quotient of two polynomial functions
such as h(x) = Jg;ﬂ where f(x) and g(x) are polynomial functions. Unlike

polynomial functions, graphs of rational functions may be discontinuous,
meaning that there are breaks in the graph. These discontinuities may be

asymptotes or holes on the graph.

Since a rational function gives a measure of the relative size of the
polynomial function in the numerator compared with the polynomial
function in the denominator for each value in the domain, the end behavior
of a rational function is found differently from that of a polynomial
function. When discussing the behavior of a rational function, it is helpful
to know any intercepts, asymptotes, holes, and end behavior of the graph.

3.1 Equivalent Representations of Rational
Expressions: Long_Division




As with polynomial functions, the factored form of a rational function
provides information about zeros, x-intercepts, asymptotes, holes, domain,
and range. However, the standard form of rational functions, just like with
polynomial functions, is also useful in that it can reveal information about
the end behavior of the function.

With polynomial functions, factoring was an important technique when
rewriting in equivalent forms. For rational functions, using polynomial long
division is necessary. Polynomial long division is an algebraic process that,
like numerical long division, involves a quotient and remainder. If k) J;E“’L]j
then f(x) can be rewritten as f(x) = g(x)q(x) + r(x), where q is the quotient, r
is the remainder, and the degree of r is less than the degree of g.

The long division of polynomials in standard form follows a pattern like
that for the long division of whole numbers.

Being able to represent polynomial and rational functions in
different, equivalent forms is an important skill as they each
help answer questions about the function.

Example

Find the quotient and remainder when x° is divided by x> — 9 using long
division.

Solution

Table 3.1 shows the steps to solve this problem.

Table 3.1

1. Divide the first term of the " q|—"1
41X

dividend, x3, by the first term of the

divisor, x°.




}
.‘{':I ¥
X

Write x above the leading term of
the dividend.

2. Multiply x by the divisor x* — 9.
dx? - 9)=x*— ox x2 — 9[x3

Write the result on the line below the
dividend, aligning like terms.

3. Subtract and bring down the 2_ g[
remaining terms. (3 — 0x)
Ox

The process is finished here because dividing 9x by x> — 9 does not result in
a monomial. The quotient is x, and the remainder is 9x.

The solution can be written as:

x* 9x
-9 T TxZ_9
Example
Using long division, write an equivalent form of the rational function
} X +6 )
Solution

When setting up the long division problem, x> + 6 is the divisor and 2x> +
5x® — 3x + 7 is the dividend. Then follow the steps shown in Table 3.2.

Table 3.2

1. Divide the first term of the 2y
3 }

dividend, 2x3, by the first term of the X%+ 6[2:

divisor, x°.

L=

3x 4

=
[
=]



E*Yj = 2x
2
Write 2x above the leading term of
the dividend.
2. Multiply 2x by the divisor x* + 6. oy
2+ 6|2 + 522 - 3x + 7
2dx% + 6) = 223 + 12x 222 +12x
Write the result on the line below the
dividend, aligning like terms.
3. Subtract and bring down the -
remaining terms. x?+ 6203 +5x% —3x+ 7
(2 +12x)
5x% — 15x + 7
4. Repeat the first three steps, using 2045
5x® — 15x + 7 as the dividend. X4 6[2x7 4 5x% — 3x + 7
) (2x? 12x)
X _ 5 5x2 — 15x + 7
) =2
5(x2 + 6) = 5x2 + 30 —(5x + 30)
15x — 23

The process is finished here because dividing —15x — 23 by x> + 6 does not
result in a monomial. The quotient is 2x + 5, and the remainder is —15x —
23.

The solution can be written as:

< -

2 a7 — 15y —
.; Jx+7 _ 2y 4 5 1:}.1' 23

2x ]
xX) = : .
e ¥ +6 x4+ 6

3.2 Rational Functions and Zeros

The real zeros of a rational function correspond to the real zeros of the
numerator for such values in its domain. Graphically, the zeros of the
function are also the x-intercepts of the graph of the rational function.



Finding Intercepts

To determine the points at which the graph of the rational

function f - 522 intersects the coordinate axes:

s Set P(x) = 0. Any solution of this equation that does not
also make Q(x) = 0 is an x-intercept.

= Evaluate f(0). The y-intercept is (0, f(0)) if it is defined.

Example

Find the x- and y-intercepts of the rational function fix) = 1; =61

Solution

To find the x-intercept(s), set the polynomial function in the numerator
equal to 0 and solve for x:
2 —64=0
(x+8)(x — 8) =0
x==8
Since the denominator does not equal 0 when x = + 8, the x-intercepts are (—
8, 0) and (8, 0).
To find the y-intercept, evaluate f (0):

(0)2 — 64 64
Ao = o+2 2

—32

The y-intercept is (0, —32).

3.3 Rational Functions and Vertical
Asymptotes




An asymptote is a line whose distance from a curve approaches 0 as the
curve tends to infinity. The graph of a rational function has a vertical
asymptote at a value of x for which the denominator evaluates to 0 but the
numerator does not evaluate to 0.

Locating Vertical Asymptotes

Let fe %. The line x = a is a vertical asymptote of the graph of

function f when Q(a) = 0 and P(a) # 0.

Example

Find and graph the vertical asymptotes of f(x) = " ’;m L

Solution

To find the vertical asymptotes, set the denominator equal to 0 and solve for
X:

Since the numerator does not equal 0 when x = 3 or x = 2, the vertical
asymptotes for f are x = 3 and x = 2. The vertical asymptotes are graphed
with a dashed vertical line as shown in Figure 3.1. For now, the rest of the
graph is found by using a graphing calculator.
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Limit notation is also useful here to show the behavior of a rational function
at a vertical asymptote. Near a vertical asymptote, x = a, of a rational
function, the values of the polynomial in the denominator are arbitrarily
close to 0, so the values of the rational function increase or decrease
without bound. This can be notated by Jlim f(x) = —=¢ or Jlim f(x) = s, This is
read as “the limit as x approaches a from the left of the function f(x) equals
negative or positive infinity.” “The limit as x approaches a from the left”
means the input values begin less than a and then get closer to a.

Notice the graph of the function gets closer and closer to the
asymptote without ever intersecting. This is what is meant by
the asymptote being a line whose distance from a curve
approaches 0 as the curve tends to infinity.

Similarly, coming in from the other direction can be notated by
lim f(x) = —oc or lim f(x)==c, This is read as “the limit as x approaches a from

X—=efl”

the right of the function f(x) equals negative or positive infinity.” “The limit



as x approaches a from the right” means the input values begin greater than

a as they get closer to a.
Table 3.3 demonstrates this with a table of values from our previous

example using the function fx) 2 ’%; o and its vertical asymptote x = 2.

Table 3.3

1 1.9 | 1.999999 2 2.00001 | 2.01 | 2.1

4.5 90 |10000000|undefined|—-1000000(-1011|-112.2

As x is approaching 2 from the left, the output values get larger and larger,
increasing without bound. As x is approaching 2 from the right, the output
values are getting smaller and smaller, decreasing without bound.

Therefore, Jim f(x) = o0 and lim f(x) = —oc,

3.4 Rational Functions and Holes

A second type of discontinuity is a removable discontinuity, which is also
referred to as a hole because of how it is graphed. A rational function has a
removable discontinuity if the multiplicity of a real zero in the numerator is
greater than or equal to its multiplicity in the denominator.

Finding the x-Coordinate of a Hole for a Rational Function

Completely factor the polynomials in the numerator and
denominator of the rational function. If there is a common factor
in the numerator and denominator, it can be removed. The
zeros of the common factors represent the x-coordinates of the
hole. After finding the coordinates, it can be graphed using an
open circle, or hole.



If the graph of a rational function has a hole at x = c, then the location of the
hole can be determined by examining the output values corresponding to
input values arbitrarily close to c. If input values arbitrarily close to ¢
correspond to output values arbitrarily close to L, the hole is located at the
point with coordinates (c, L).

Finding the y-Coordinate of a Hole for a Rational Function

After the common factor is removed from the numerator and
denominator of the rational function, substitute each x-value of
the holes into all the remaining factors of the rational function.
The solutions represent the y-coordinate of each respective x-
value.

Example

Find the discontinuities for the function re = *-=9%*+8 and graph h(x).
x4 ﬂ g p

Solution

When working with rational functions, factor the polynomials in the
numerator and denominator to correctly identify all removable
discontinuities:

."L'! FO9x 4 8 {1 8)x+ 1)

h(x) X+ 8 x4+ 8

There is a common factor of (x + 8) in the numerator and denominator that
can be removed. Note that although this factor is removed, it doesn’t
disappear and still influences the graph of the function. The zero of the
removable factor is the x-coordinate of the hole. The x-coordinate of the
hole is x = 8.

After removing this discontinuity, the remaining factors make up the

rational function. They are used to find the y-coordinate of the hole and
contribute to the other behaviors of the rational function:



h(x)=x+1
To find the y-coordinate, substitute x = —8 into the new function:
M-8)=(-8+1=-7
The coordinates of the hole are (— 8, — 7).

With the removal of this discontinuity, there are no longer any terms left in
the denominator, so there are no vertical asymptotes. Using technology, the
graph is shown in Figure 3.2.
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Figure 3.2

It is important to always factor first; then holes can be identified
correctly and removed. Any remaining factors in the
denominator can be correctly identified as vertical asymptotes.

3.5 Rational Functions and End Behavior




The end behavior of a rational function will be most affected by the
polynomial with the greater degree, as its values will dominate the values of
the rational function for input values of large magnitude. For input values of
large magnitude, a polynomial is dominated by its leading term. Therefore,
the end behavior of a rational function can be understood by examining the
corresponding quotient of the leading terms.

There are two different possibilities for the end behavior of a rational
function, which we call end behavior asymptotes: a horizontal asymptote or
a slant asymptote.

Finding End Behavior Asymptotes

Po)  8,X"+a, x4+ . +a,x+a,
Let f0 = 5es ST T T where a, # 0 and b, Z 0.
= If n <m, the rational function has a horizontal asymptote
aty =0.
= |f n = m, the rational function has a horizontal asymptote
a
at¥=g=s.

= |f n > m, the rational function has no horizontal asymptote.
The end behavior asymptote is the quotient polynomial
function that is found when the polynomial P(x) is divided
by Q(x). If that polynomial is linear, the rational function
has a slant asymptote parallel to the graph of the line.

Example

Find the horizontal asymptotes of each of the rational functions. Use
technology to graph each.

1. ﬁl} .1.“.'1.1.‘
2 2(0) 3x- : .1'. 4

] L Py (-1
3. h(x) = Xt — ;t + 3x+ 1



4.

1.3

J(x) A.:':-

)

Solution

1.

For f(x), the degree of the numerator is 1 and the degree of the
denominator is 2. Since 1 < 2, the rational function has the horizontal
asymptote y = 0. Figure 3.3 shows the graph of this function.

y
A

1o

Figure 3.3

As x approaches + oo, f(x) approaches 0. This graphically shows how
the end behavior of a rational function is shown through its horizontal
asymptote. Note that at x = 0, the graph intersects the origin, showing
that the middle portion of the graph can intersect the horizontal
asymptote. The ends of the graph, though, approach the x-axis, or y =
0, and follow along the horizontal asymptote, which is graphed as a
dashed horizontal line.

On the graph, it appears that there are two vertical asymptotes at x
= -3 and x = 3. This is verified when the denominator of f(x) is
factored and set equal to O.



2. For g(x), the degree of the numerator is 2 and the degree of the
denominator is 2. Since 2 = 2, the rational function has the horizontal
asymptote y = 3. Figure 3.4 shows the graph of this function.
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Figure 3.4

3. For h(x), the degree of the numerator is 3 and the degree of the
denominator is 1. Since 3 > 1, the rational function has no horizontal
asymptote. However, the end behavior asymptote is found by using
polynomial long division:

3 _ 9.2 4 oo : .
h{x) = \"3::_ 1‘3} -1 =y 9y 41+ 3 2 i

The end behavior asymptote of h(x) is y = x> — 2x + 1, the quotient
after completing long division.

Figure 3.5 shows the graph of h(x). It can also be seen that there is
a vertical asymptote at x = 1, which is confirmed algebraically by
setting the denominator equal to O.
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Figure 3.6 is another graph of h(x) that shows its end behavior
asymptote y = x> — 2x + 1 as a dashed curve. As x approaches + o, the
graph of h(x) and its asymptote appear to be identical.
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Figure 3.6

4. For j(x), the degree of the numerator is 3 and the degree of the
denominator is 2. Since 3 > 2, the rational function has no horizontal
asymptote. However, the end behavior asymptote is found by using
polynomial long division:

- x3 9y
X) - : =X+ —
J xt—-9 x¥2 -9




The end behavior asymptote of j(x) is y = x, the quotient after
completing long division. Since this is a linear function, this is known
as a slant asymptote.

Figure 3.7 shows the graph of j(x). Vertical asymptotes can be seen
at x = -3 and x = 3, which is confirmed algebraically by setting the
denominator equal to 0.
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Figure 3.7

Figure 3.8 is another graph of j(x) that shows its end behavior
asymptote y = x. As x approaches + oo, the graph of j(x) and its
asymptote appear to be identical as the graph of j(x) runs parallel to the
graph of y = x.
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It is possible for the graph of a rational function to intersect a
horizontal asymptote and a slant asymptote. The graph of a
rational function will never intersect a vertical asymptote.

Example

10x% — 2x + 3x 4

If o= =n 2" ?, evaluate each of the following limits:

(@) lim_f(o
(b) Jim/e



Solution

Limits approaching infinity are really asking about the end behavior of a
function. Since this is a rational function, the end behavior is found by
examining the degrees. The degree of the numerator is 4, and the degree of
the denominator is 4. Since the degrees are equal, the graph has a horizontal
asymptote at y = 2 - 2,

(a) As x gets more negative, the y-values will get closer to 2. Therefore:
. [[Im\_f{x} =2
(b) As x gets more positive, the y-values will get closer to 2. Therefore:

,r]jI.TlfU']' =2

These limits can both be verified with the graph of f(x) shown in

Figure 3.9.
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Figure 3.9



When the graph of a rational function, f(x), has a horizontal
asymptote y = b, where b is a constant, the output values of the
rational function get arbitrarily close to b and stay arbitrarily
close to b as input values increase or decrease without bound.
In other words, ,!im_fx=b and )im fo =b,

3.6 Graphs of Rational Functions

As with polynomial functions, there is a suggested order to follow to graph
rational functions.

Seven-Step Strategy for Graphing a Rational Function

1. Factor the numerator and denominator of the rational
function to find any holes. Remove any discontinuities.

2. Find all possible x- and y-intercepts.

3. Determine the degree of the numerator and denominator.
Determine the end behavior asymptote.

4. Find all vertical asymptotes with any remaining factors in the
denominator.

5. Find any symmetry the graph displays by evaluating f(—x).

6. The vertical asymptotes will divide the graph into regions. In
each region, graph at least one point that will determine
whether the graph will be above or below any horizontal
asymptotes.

7. Sketch a graph using the above information.

Example




Find the key features of the graph of fix) = % and then sketch the graph.

Solution

To find the key features of the graph, utilize the seven-step strategy.

Find any holes

Factor the numerator and denominator, and look for any common factors:

. x2_64 (x—8)x+8)
Jx) ¥ 16 x — (x4 4)

Since there are no common factors, there are no removable discontinuities.
The graph of f(x) does not have any holes.

Find all possible x- and y-intercepts

To find the x-intercepts, set the numerator equal to 0 and solve for x:
x*—64=0,x=+8
The x-intercepts are (—8, 0) and (8, 0).

To find the y-intercept, evaluate f (0):

(D)2 — B4 G4

ﬂm:'mﬁ-- 16 -—16

= 4

The y-intercept is (0, 4).
Find the end behavior asymptote

The degree of the numerator and denominator is 2. Since the degrees are

equal, there is a horizontal asymptote. Its equation is y =1 = 1.

Find all vertical asymptotes
Set the denominator equal to 0 and solve for x:

(x—4)x+4)=0,x= +4



Since the numerator does not equal O at these x-values, the vertical
asymptotes are x = — 4 and x = 4.

=y Evaluate f (— x)
a6 264 _
fi—x): P =16 = —15 fx)

f(x) is an even function that has symmetry with respect to the y-axis.

Test points

As shown in Table 3.4, choose x-values within each interval broken up by
the vertical asymptotes. Then find their corresponding y-values.

Table 3.4

tw bl

= —4.333

|t

= =

&
S |
| b

—5)2 — 64 - 2 B i 2 G :

&n

- ——= = —4.333 2 T 15 9
Since the function is even, the point (1, 4.2) will also lie on the graph.

16 9 (2—16 -—15
Spp=Nd Graph

Plot and graph everything found in Steps 1-6, as shown in Figure 3.10.
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To create the graph, as shown in Figure 3.11, follow along the horizontal
and vertical asymptotes while passing through the intercepts. Remember to
observe the symmetry with respect to the y-axis.
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Example
Find the key features of the graph of g — &+ [i]f‘f) = E’LJF 2) and then sketch
the graph.
Solution

To find the key features of the graph, utilize the seven-step strategy.

Find any holes

Since the given rational function is already factored, look for any common
factors:

(x+ 1)(3x% — 12x + 2)
(x+ 1)x — 4)

glx) =



There is a common factor, (x + 1). Remove this discontinuity to produce the
following function:

33— 12x+ 2

gl ===

The x-coordinate of the hole is x = —1. To find its corresponding y-value,
evaluate g(-1):

3(=12 - 12(-1)+2

(=1)—4 St

gl—1):

:;:1|"~1

The coordinates of the hole are (-1, —3.4).

The remaining steps will now be determined using the following function:
3x2 —12x+2

gl =2 =

Find all possible x- and y-intercepts

To find the x-intercepts, set the numerator equal to 0 and solve for x:

To solve for x, use the quadratic formula:

=(=12) £ V(=12)% - 4(3)(2) _ 12+ V120 _ 12+ V3v30 _ 12+ 230 _ 6 + V30

* 2(3) 6 6 6 3

. fan L
The x-intercepts are (% n) ~ (0.174258, 0) and (w n) ~ (3.825741, 0).

To find the y-intercept, evaluate g(0):

_3002-12000+2 _ _2_ _

—

The y-intercept is (0, -3).
Find the end behavior asymptote

The degree of the numerator is 2, and the degree of the denominator is 1.
Since 2 > 1, there is no horizontal asymptote.

Use polynomial long division to find the end behavior asymptote:



3xZ - 12x 42 . 2

g(f} * = i L =3x 4 s i

The end behavior asymptote is y = 3x. Since it is linear, it is a slant
asymptote.

Find all vertical asymptotes
Set the denominator equal to 0 and solve for x:
x—4=0x=4

Since the numerator does not equal 0 at this x-value, the vertical asymptote
isx=4.

Evaluate g(— x)

G 3?1200 +2 _ 33+ 12x+2
g(-x) e e

This does not equal either g(x) or — g(x). This means that g(x) is not an even
or an odd function. So there will not be any symmetry with respect to the y-
axis or the origin.

Test points

As shown in Table 3.5, choose x-values within each interval broken up by
the vertical asymptote. Then find their corresponding y-values.

Table 3.5
3(=22-12(-2)+2_ 38 _ 3(52-12(5+2 _ 17 _ .,
g(x) ' {(—2)— 4 SR 6.333 (5) — 4 1 17

Graph



Plot and graph everything found in Steps 1-6, as shown in Figure 3.12.
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Figure 3.12

To create the graph, as shown in Figure 3.13, follow along the slant and
vertical asymptotes while passing through the intercepts.
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3.7 Rational Inequalities

The key to solving rational inequalities comes from the geometric property
that the graph of y = f(x) lies above the x-axis when f(x) > 0 and below the
x-axis when f(x) < 0.

Solving Rational Inequalities

1. Write the inequality in one of these forms:
fxX) >0 f(x)=0 fx)<0 f(x)£0

2. Determine the critical values of f(x). These are the x-
intercepts and vertical asymptotes of the rational expression.

3. Plot the critical values on a number line.

4. Use test points to determine whether the graph of f(x) is
above or below the x-axis on each of the intervals
determined by the critical values.

5. Find the solutions of the inequality.

Example

. 3x
Solve: 75 >2

Solution

1. Rewrite the inequality in the form { EH > 0. Subtract 2 from both sides

of the inequality, and rewrite as a single fraction:



X+2°

2. Determine the critical values for the rational expression. The critical
values are defined to be the zeros and the vertical asymptotes for the
rational expression. In this case, when x = 4, the numerator is 0, and
when x = — 2, the denominator is 0.

3. Plot the critical values on a number line. Use a closed circle to
indicate that the critical value is included in the solution set, as
shown in Figure 3.14. Use an open circle if the number is not
included in the solution set, also shown in Figure 3.14.

x:.—2 x?4
Test value: x=-3 | Test value: x=0 E Test value: x =5
> 5 o >
-2 4
34 _ 0O _ T e S o B 1 54 )
3.0 MY g T H 00 ism T T®0
Figure 3.14

4. Choose a test value for x in each of the intervals determined by the
critical values. Substitute that test value into the rational expression.
Use the substitution to determine the signs of the numerator and
denominator as well as their quotient, as shown in Figure 3.14. For
example, in the left interval, let x = — 3 represent the test value.
Substitute into the rational expression:

(-3 —4
-3 +2

Ll

= +7 20
5. The solution intervals are (—o0, =2) U [4, o).

Example



Solve for x:— 2 < 2

Solution

x—13 X
1. Rewrite the given inequality in the form i, E:: <0, and rewrite as a
single fraction:
B g
r—3 X 0
Bx—2x—3) .o
xix—3) =
..'.3;'.'. -+ b <
=3 =0

To solve for the critical values, set the numerator and denominator
each equal to 0 and solve for x:

3x+6=0—=x==2

Mx—3=0—x=0,x=3

Plot the critical values on a number line. Place a closed circle around
—2 since the rational expression can be equal to 0. Use open circles
around 0 and 3 since, for these values of x, the rational expression is
undefined. This is shown in Figure 3.15.

=]
=
W

x=-2 x

Test value: x = -3 i Test value: x = —1 i Test value: x =1 i Test value: x =4
< é 5 5
-2 0 3
30) () L0 @ 3w @ @) @
2 2 <0 [ WA LAY -7 -
OO~ ® L o0 @ g P OO O S mm T g
Figure 3.15

Determine the sign of the rational expression on each of the four
intervals determined by the three critical values, as shown in Figure
3.15.

The solution intervals are (— oo, —2] U (0, 3).



Multiple-Choice Questions

1.
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Which of the following is equivalent to Jim —,— % 2
syt 4 5,000x

(A) 0
(B) 1,215{}'
© 1
(D) 4

The graph of which of the following equations has y = 1 as an
asymptote?

2

(A) .]'r-:; 11
(B) J'r“_r::-]
Q) y=%

(D) none of these

Which o_f; the following is the end behavior asymptote for the function
foo= 55ty

(A) y=13x+4

B) y=x-3

(C) y=x+3

(D) y=x-11

Which of the following equations could represent the graph shown
below?
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(A) Y=¥_4
_x°
(B) y__x'd_q
s B
©) y=5"
_ X
(D) Y=¥ 2

Which of the following functions could represent f(x)if lim f(x) = —> and
;I-irﬁ'- flx) = 2?

(A) foo= ﬁ
B) fwo= ﬁ
(C) ) = 1 1

A rare species of insect was discovered on a tropical island. To protect
the species, scientists moved the insects to a protected area. The

population P of the insect t months after being moved is P(t) = %

. How many insects were initially discovered?
(A) 5
(B) 25
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(C) 37
(D) 50

A rare species of insect was discovered on a tropical island. To protect
the species, scientists moved the insects to a protected area. The

population P of the insect t months after being moved is Pt = E{ luglr:;)
. What is the largest population that the protected area can sustain?

(A) 5

(B) 50

(C) 2,500

(D) none of these

fim I
(A) -5
(B) 1
©) 3

(D) nonexistent

If the graph of y =% j’ has a horizontal asymptote at y = 2 and a
vertical asymptote at x = —3, what is the sum of a and c?

(A) -5

B) -1

©) 1

D) 5

Given the graph of the rational function, c(x), which of the following
could be its equation?



o X=X+ a)
(A) clx) = (x — e)x+ b)

A X+ edlx —a)
(B) e = (x+olx—b)

A (x+b)x+ a)
(C) et = (x + b)(x - ¢©)

W x—b)x+a)
(D) c0=F=FHaro

Answer Explanations

1. (D) Since the limit has x approaching infinity, this limit is assessing end
behavior. To find the end behavior of a rational function, compare the
degree of the numerator to the degree of the denominator. Since 2 = 2,
the end behavior asymptote is the horizontal asymptote with the
equation y = 4. Therefore, all the outputs would be approximately 4.
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(B) For a rational function to have a horizontal asymptote at y = 1, the
degrees of the numerator and denominator must be the same and the
ratio of the leading coefficients of the numerator and denominator must
reduce to 1. This happens only with the equation ¥ :

x+1

(C) To find the end behavior asymptote, compare the degree of the
numerator to the degree of the denominator. The degree of the
numerator is greater than the degree of the denominator, which means
there is no horizontal asymptote. Perform polynomial long division to
find the end behavior asymptote:

X+ 3
¥—-3x—-4|x'-8

(x* — 322 — 4x)

I +dx—8
(3x2 — 9x — 12)
13x 4 4
x—8 e, 13x4+4
(X)) == =X+ 34— -
S ¥t — 3x—4 2 —3r-4

The end behavior asymptote is a slant asymptote with the equation y = x
+ 3.

(A) The graph has vertical asymptotes at x = —2 and x = 2. The
denominator must have zeros that are x = -2 and x = 2, eliminating
Choice (D). The graph has a horizontal asymptote of y = 0. The degree
of the numerator must be less than the degree of the denominator.

(D) The unbounded behavior of the given limits occurs only when there
is a vertical asymptote at the value x is approaching. The function must
have a vertical asymptote at x = 0, which eliminates Choice (C). The
graphs of Choices (A) and (B) approach positive infinity as x
approaches 0 from the left. Therefore, both of those choices need to be
eliminated since the question is asking for a graph to approach negative
infinity as x approaches 0 from the left. The graph of fw) = 1 that follows
satisfies the given limits.
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6. (B) The initial population can be determined by evaluating P(0):
50(1 + 0.500)) 50 .
PO) =5 0.01000) 5
7. (C) Determining the largest population that the area can sustain refers to
the end behavior of the rational function. To determine end behavior,
compare the degree of the numerator to the degree of the denominator.
Since the degrees of the numerator and denominator both equal 1, the
end behavior is a horizontal asymptote that is the ratio of the leading
coefficients. To determine the leading coefficients, multiply the
numerator by the factored-out constant:
~50(1 + 050 _ 50 + 25¢
P =" 1001 ~ 2+ 0.01¢
. . ‘25 - =
The horizontal asymptote is y = 5% = 2,500,
8. (C) Evaluating infinite limits of rational functions can be determined by

their end behavior. To find the end behavior, compare the degree of the
numerator to the degree of the denominator. The degree of the



Iko

numerator and denominator both equal 3. Therefore, the end behavior
follows the horizontal asymptote. Its equation is determined by taking
the ratio of the leading coefficients:

VE e 3

(D) Since the rational function has a vertical asymptote at x = —3, its
denominator must have a zero of x = —3. Therefore, the denominator
must be the factor x + 3, so ¢ = 3. Since the rational function has a
horizontal asymptote at y = 2, the ratio of the leading coefficients must
also be 2. Therefore, y=2={ and a = 2. The sum of a and cis 2 + 3 = 5.

. (A) The graph has an x-intercept at — a, meaning there is a zero at x = —

a. So there must be a factor of (x — (— a)) = (x + a) in the numerator of
the function. There is a vertical asymptote at x = — b, so there must be a
factor of (x — (— b)) = (x + b) in the denominator. There is a hole at x =

¢, so there must be a common factor in the numerator and denominator
of (x — ¢).
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4

Parent Functions

Learning Objectives

In this chapter, you will learn:

The different properties and graphs of parent functions
How to transform the graphs of parent functions

How to model scenarios using functions

How to compose functions

How to find the inverse of a function

R R R

In previous chapters, we have seen that linear functions are represented
graphically by lines and quadratic functions are represented by parabolas.
Each function in its most basic form has a corresponding graph that can be
changed based upon transformations to its basic function, also called a
parent function.

4.1 Graphs and Properties of Basic
Functions

Table 4.1 discusses the graphs and properties of basic parent functions.
Other special functions will be discussed in their respective units.

Table 4.1



Parent

Function | Equation

Linear

flx) = x

Properties

Domain and range is
the set of real
numbers

Odd function; has
origin symmetry
Includes point (0, 0)

Increases throughout
its domain

Quadratic

fx) = x*

Domain and range is
the set of real
numbers

Even function; has y-
axis symmetry
Includes point (0, 0)
Decreases then
increases

Has a relative
extremum

Cubic

fx) = x°

Domain and range is
the set of real
numbers

Odd function; has
origin symmetry
Includes point (0, 0)
Increases throughout
its domain

Has a point of
inflection




Parent

Function |Equation Properties
Square f) =z | = Domain and range is
root 4

the set of all
nonnegative real
numbers

<~——1————— |m Neither even nor odd
function

= Includes point (0, 0)
m Increases throughout
its domain

Reciprocal| -1 ‘ i
eciprocal| g = 4 = Domain and range is

the set of all real
numbers except 0

= (Odd function;
symmetric with
respect to the origin

m x- and y-axes are
asymptotes

= Decreases on the
intervals (— oo, 0) and
(0, )

Absolute f(x) = x|

‘ = Domain and range is
value y

the set of real
numbers

= Even function;
—r symmetric with
respect to the y-axis

= Includes point (0, 0)




Parent

Function |Equation Properties

m Decreases then
increases

Piecewise-Defined Functions

A function may change its definition over its domain. The absolute value
function, f(x) = |x|, is an example of a piecewise-defined function. When x <
0, f(x) = — x, and when x > 0, f(x) = x. This can also be written as:

- .T.‘;J.'{ﬂ
Lx=0

fixy=1m= {

To graph a piecewise function, it is important to check the inequalities
associated with each function and where the boundaries change. Making a
table of values can be helpful.

Example

<2
Graph the piecewise function: f(x) {.1‘ +2,2<x<4
VX, x =4

Solution

Three different functions make up f(x). To help organize, create a table of
values, as shown in Table 4.2. Pay attention to the boundaries of the
inequality. At each boundary point, the two different functions should be
evaluated. The values in bold are points that lie on the function.

Table 4.2




x+2 | @) +2=]|@+2=
(2)+2= 5 6
4
Jx
Vi =2

When graphing, all the points in bold should be plotted on the graph. At the
boundary points, graph up to that point. However, plot the boundary point
with an open circle if it is not part of the interval. An open circle shows that
the graph goes up to that point but does not include it.

The graph of f(x) is shown in Figure 4.1. At x = 2, the output values for both
functions are the same. So while the graph of the quadratic would have an
open circle at (2, 4), the graph of the line has a closed circle at (2, 4),
closing the open circle. Also note that at x = 4, the two functions have
different output values. The graph of the line goes up to but does not
include the point (4, 6), which is why it is graphed with an open circle. The
graph drops down to (4, 2) for the square root and is closed there. It is
important to note that often piecewise functions are not continuous. At x = 4
there is a discontinuity, specifically called a jump discontinuity since you
must lift your pencil to jump from one graph to the other. These
discontinuities often occur at the boundaries of the different intervals of
each piece.
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Figure 4.1

4.2 Transformations of Functions

A transformation of a function moves each point of the graph of the
function according to a given rule. Flipping a graph over a line is a
reflection over that line. Shifting a graph vertically, horizontally, or both
vertically and horizontally is a translation. Reflections and translations do
not affect the size or shape of the graph. Stretching or shrinking a graph is
known as a dilation and does affect the size or shape of the graph. Each of
these transformations has a corresponding additive and/or multiplicative
rule that can be performed on the function. If two functions are related to
each other by a simple transformation, knowing the graph of one function
allows you to determine the graph of the transformed function.

Vertical Translations

Adding a number k to a function shifts the graph up if k is positive and
shifts it down if k is negative.



Vertical Translation of Function f(x)
Given the function f(x):

The function g(x) = f(x) + k is an additive transformation of the function f(x) that
results in a vertical translation of the graph of f by k units.

Example

Given f(x) = x%, describe the transformations of g(x) and h(x) as they relate
to f(x). Graph each to confirm your answer.

1. gx)=x*>+3
2. h(x)=x*-4
Solution

The parent function for each is f(x) = x°, which graphs a parabola that
contains the point (0, 0).

1. The function g(x) is based upon f(x) but with an addition of 3. By
adding 3 to the function, the graph of f(x) shifts up 3 units. This can
easily be seen in Figure 4.2 as the point (0, 0) moves to (0, 3). All the
points in the graph move up 3 units.
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Figure 4.2

The function h(x) is based upon f(x) but with a subtraction of 4. By
subtracting the function by 4, the graph of f(x) shifts 4 units down.
This can easily be seen in Figure 4.3 as the point (0, 0) moves to (0, —
4). All the points in the graph move down 4 units.
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Horizontal Translations
Subtracting a number h from x in a function shifts the graph to the right if h
is positive and shifts it to the left if h is negative.

Horizontal Translation of Function f(x)

Given the function f(x):
The function g(x) = f(x + h) is an additive transformation of the function f(x) that

results in a horizontal translation of the graph of f by —h units.

Example




Given f(x) = |x|, describe the transformations of g(x) and h(x) as they relate
to f(x). Graph each to confirm your answer.

1. g(x)=|x+3|
2. h(x)=|x—4
Solution

The parent function for each is f(x) = |x|, which graphs the piecewise
function made up of y = — x and y = x and contains the point (0, 0).

1. In g(x), adding 3 to x shifts the graph of f(x) 3 units left. This can easily
be seen in Figure 4.4 as the point (0, 0) moves to (—3, 0). All the points
in the graph move left 3 units.

Figure 4.4

2. In h(x), subtracting 4 from x shifts the graph of f(x) 4 units right. This
can easily be seen in Figure 4.5 as the point (0, 0) moves to (4, 0). All
the points in the graph move right 4 units.
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Vertical Dilation and Reflection over x-axis

Multiplying a positive number, a, by a function, where a # 0, vertically
stretches or compresses the graph of the function by a factor of a.

m [f a > 1, the points of the function move farther away from the x-axis.

m [f 0 <a <1, the points of the function move closer to the x-axis.

If the number being multiplied to the function is negative, the graph reflects
over the x-axis.

Vertical Dilation and Reflection of Function f(x)

Given the function f(x):

The function g(x) = af(x), where a # 0, is a multiplicative transformation of the
function f(x) that results in a vertical dilation of the graph of f by a factor of |a|. If a <
0, the transformation involves a reflection over the x-axis.

Example




Given f(x) = x?, describe the transformations of g(x), h(x), and i(x) as they
relate to f(x). Graph each to confirm your answer.

1. g(x)=2x°
2. hx)= :lzxz

3. i(x)=-3x°
Solution

The parent function for each is f(x) = x°, which graphs a parabola that
contains the point (1, 1).

1. By multiplying the function by 2, the graph of f(x) vertically dilates.
All the x-values remain fixed, and their corresponding y-values are
multiplied by 2. This can easily be seen in Figure 4.6 as the point (1, 1)
moves to (1, 2). The points on the dilated graph move farther away
from the x-axis.

Figure 4.6

2. By multiplying the function by J, the graph of f(x) vertically dilates.
All the x-values remain fixed, and their corresponding y-values are



multiplied by i This can easily be seen in Figure 4.7 as the point (1, 1)

moves to (1, i} The points on the dilated graph move closer to the x-
axis.

Figure 4.7
By multiplying the function by —3, the graph of f(x) vertically dilates
by a factor of |- 3| and is reflected over the x-axis. All the x-values
remain fixed, and their corresponding y-values are multiplied by —3.
This can easily be seen in Figure 4.8 as the point (1, 1) moves to (1, —

3). The points on the dilated graph move farther away from the x-axis
and are also reflected over the x-axis.
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Figure 4.8

Horizontal Dilation and Reflection over y-axis

Multiplying a positive number, b, by x in a function, where b # 0,
horizontally stretches or compresses the graph of the function by a factor of

1
b

= [f b > 1, the points of the function move closer to the y-axis.
m [f 0 <b <1, the points of the function move farther away from the y-

axis.

If the number being multiplied by x in the function is negative, the graph
reflects over the y-axis.

Horizontal Dilation and Reflection of Function f(x)

Given the function f(x):

The function g(x) = f(bx), where b # 0, is a multiplicative transformation of the
function f(x) that results in a horizontal dilation of the graph of f by a factor of |%| If b<



0, the transformation involves a reflection over the y-axis.

Example

Given f(x) = x>, describe the transformations of g(x), h(x), and i(x) as they
relate to f(x). Graph each to confirm your answer.

1 g(x)=(2x)’
2. hx)= (é.r):{
2. i(x)=(-2x)°

Solution

The parent function for each is f(x) = x>, which graphs a cubic polynomial
that contains the point (1, 1).

1. By multiplying the x of the function by 2, the graph of f(x) horizontally
dilates. This isn’t the same as a vertical dilation where the output
values are scaled; here the input values are scaled. The x in the original
f(x) becomes 8x in g(x), meaning g(x) reaches a given input value 8
times faster than f(x). This can easily be seen in Figure 4.9 as the point
(1, 1) moves to (1, 8).

Another way to find the points is by using the factor |}|. All the y-
values remain fixed on the parent function, and their corresponding x-
values are multiplied by |}]. The graph of f(x) = x> contains the point (2,
8). Multiplying the input value 2 by the scale factor [}| simplifies to 1.
So the point on the graph of g(x) = (2x)° will be (1, 8). The point (4,
64) lies on the graph of f(x) = x3, so the point (4-3.64) = (2, 64) will lie on
the graph of g(x) = (2x)°. As shown in Figure 4.9, the points on the
dilated graph move closer to the y-axis.
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Figure 4.9
2. By multiplying the x of the function by :}1’ the graph of f(x) horizontally
dilates. This isn’t the same as a vertical dilation where the output
values are scaled; here the input values are scaled. The x in the original
f(%) becomes ;x in h(x). This can easily be seen in Figure 4.10 as the
point (1, 1) moves to (1, §).

H =2 All the
2

y-values remain fixed on the parent function, and their corresponding
x-values are multiplied by |2|. The graph of f(x) = x> contains the point
(2, 8). Multiplying the input value 2 by the scale factor |2| simplifies to
4. So the point on the graph of i) (éuj will be (4, 8). The point (4,

64) lies on the graph of f(x) = x>, so the point (4 - 2, 64) = (8,64) lies on
the graph of i) = (3 ) As shown in Figure 4.10, the points on the

dilated graph move farther away from the y-axis.

Another way to find the points is by using the factor
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Figure 4.10
Function i(x) is the same as the function g(x) in Question 1 except that

3.
the input is negative. The graph of i(x) will be the graph of g(x)
reflected over the y-axis, as shown in Figure 4.11.
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Figure 4.11

Combinations of Transformations

Additive and multiplicative transformations can be combined, resulting in
combinations of horizontal and vertical translations, dilations, and
reflections. It is often necessary to perform transformations in a certain
order to guarantee the arrival at the correct graph. The following steps will
help to ensure the correct order of operations.

Steps for a Sequence of Transformations

Apply the following steps when graphing a function containing
more than one transformation.

1. Start with the parentheses. Look for a possible horizontal
shift.

2. Deal with horizontal or vertical dilations.



3. Deal with reflections over the x- and/or y-axes.
4. Deal with vertical shifts.

This is very similar to the algebraic order of operations known
as PEMDAS, which stands for Parentheses, Exponents,
Multiplication, Division, Addition, and Subtraction.

Given the function y = f(x), a combination of transformations can be
expressed algebraically as:

y=af(blx+¢)+d

where

a = vertical stretch or compression

b = horizontal stretch or compression
¢ = horizontal shift

d = vertical shift

A function that is made up of a combination of transformations is also
referred to as a composite function.

Example

The graph of y = f(x) is shown in Figure 4.12 below. Determine the graph of
the composite function y = 2f(x + 1) — 3 by showing the effect of a sequence
of transformations on the graph of y = f(x).
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Solution

1. Starting with the parentheses, there is a horizontal translation 1 unit to
the left, as shown in Figure 4.13.
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2. Next deal with the multiplication. Figure 4.14 shows a vertical dilation
by a factor of 2.
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3. Finally, deal with the addition/subtraction. There is a vertical
translation down 3, as shown in Figure 4.15.
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Example

The graph of y = |x| undergoes the following transformations, in order:

m A horizontal shift 2 units to the right
= A vertical stretch by a factor of %

m A vertical translation 7 units up

Find the equation of the graph that results from the above transformations.

Solution

Apply the transformations in the given order:

V=] = y=lx=2l—=y= %LI' -2 =y= %h =217



Example

Let C, be the curve defined by y; = f(x) = x3 — 16x. Find the equation of C,,
which is a horizontal shrink of C; by a factor of  and is reflected over the
X-axis.

Solution

Let the equation for C, be denoted by y,. Then:

¥Yo=- f(:) = —f(2x) = —((22)* — 16(2x)) = —(8x* — 32x) = —8x* + 32x
:

All these different types of transformations alter the graph in certain
ways, either by changing their position or their size. Therefore, it is
common to find that the domain and range of a function that is a
transformation of a parent function may be different from those of the
parent function.

Example

Given each of the following, describe a basic graph and a sequence of
transformations that can be used to produce a graph of the given function.
State the domain and range of the given function and its parent function.

1. y= (3)()2 -4
2. y=-3x+1
Solution

1. The parent function is y = x%, as shown in Figure 4.16. The domain of y

= x is all real numbers, and the range is y > 0.
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Starting with the parentheses, there is a horizontal dilation with a
factor of 4. Then there is a vertical shift down 4 units. The result is
graphed in Figure 4.17.
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The domain of y = (3x)? — 4 is all real numbers, and the range is y > —
4.

The parent function is y = v¥, as shown in Figure 4.18. The domain of
y=+x is x > 0, and the range is y > 0.
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Starting with the parentheses, which in this case are under the radical,
there is a horizontal shift to the left 1 unit. Then there is a vertical
dilation with a scale factor of 3 and finally a reflection over the x-axis.
The result is graphed in Figure 4.19.



Figure 4.19

The domain of y = —-3/x+1 is x > — 1, and the range is y < 0.

4.3 Function Model Selection, Construction,
and Application

Mathematical equations are a useful tool to model real-life scenarios that
can help make predictions. It is important that an appropriate function type
is used to construct a function model for a given scenario.

Table 4.3 describes the different functions discussed so far and what
type of scenarios they best demonstrate.

Table 4.3

Function Model

Type Description




Function Model
Type Description Example

Linear Linear functions Renting a car:

functions model data sets or There is a fixed cost of $150 and
scenarios that then a cost of $5.50 for every hour
demonstrate roughly |used.
constant rates of An equation to model this would be
change. y =5.5x + 150

Quadratic Quadratic functions |Projectile motion:

functions model data sets or A toy rocket is fired into the air from
scenarios that the top of a barn that is 20 yards
demonstrate roughly |above the ground. The height, h, of
linear rates of the rocket above the ground in yards
change, or data sets |after t seconds can be modeled by
that are roughly this function
symmetric with a h(t) = - 5t + 10t + 20
unique maximumor | » ...
minimum value. A local park has a rectangular flower
Geometric contexts |bed that measures 10 feet by 15 feet.
involving area or two | The park gardener wants to double
dimensions can often |its area by adding a strip of uniform
be modeled using width around the flower bed.
quadratic functions. |An equation to model this would be

4x* + 50x + 150 = 300
Cubic Geometric contexts | Volume:
functions involving volume or |A box has a square base where the

three dimensions can
often be modeled by
cubic functions.

length of a side of the square base is
x. The box is twice as tall as it is
wide.

An equation to model the volume of
the box would be

V= (x)(x)(2x) = 2x°




Function

Model

Type Description Example

Polynomial |Polynomial functions | Temperature:

functions model data sets or A house thermostat is set to 72°F.
scenarios with The actual temperature in the home
multiple real zeros or |changes between maximum and
multiple maxima or |minimum temperatures.
minima.

Piecewise Piecewise functions |Income tax:

functions model a data set or |How much people earn determines
scenario that their income tax rate.
demonstrates
different
characteristics over
different intervals.

Rational Data sets and Forces:

functions scenarios involving |The magnitudes of both
quantities that are gravitational force and
inversely electromagnetic force between
proportional can objects are inversely proportional to
often be modeled by |[the objects’ squared distance.
rational functions.

Linear Models

Linear functions model data sets or scenarios that demonstrate roughly
constant rates of change.

Example

The data in Table 4.4 represent the price, p, and quantity demanded per day,
q, of a digital camera.

Table 4.4




(a)

(b)
(©)

(d)

Quantity Demanded,

Price, p (in dollars) o]

150 120

200 100

250 80

300 60

Show that the quantity demanded, g, is a linear function of the price,

p.

State and interpret the slope.

Determine the linear function that describes the relationship between

p and q.

State and interpret the value of the intercepts.

(e) What is the implied domain of the linear function?

Solution

(a)

(b)

()

Since each input corresponds to a single output, the quantity
demanded is a function of price. Since the average rate of change is a
constant—3$0.40 per camera—the function is linear.

The slope is —0.4, meaning that if the price increases by $1, the
quantity demanded of digital cameras decreases by 0.4 camera.

Since the slope is known, the rest of the equation can be found by
substituting a known ordered pair from the table into the point-slope
formula:

Y=y =mx-x)

Each ordered pair (x, y) is represented by (p, q). Substitute the ordered
pair (150, 120) into the linear equation:

g — 120 = —0.4(p — 150)



Solve for g:

g = —04p + 180

(d) Using the given slope-intercept form from part (c), the g-intercept is
180. This means when the price is $0, 180 digital cameras will be
demanded. To find the p-intercept, substitute 0 for g and solve for p:

0= —0.4p + 180

p % 450
The p-intercept is 450, meaning that there will be 0 digital cameras
demanded when the price is $450.

(e) The implied domain is 0 < p < 450.

Models can be built from linear descriptions but also from given data as
shown in the previous example. When a lot of data points are given, there
isn’t always a constant rate of change. However, when the data points are
graphed, which is called a scatterplot, it can be obvious what model best fits
most data points. This is known as a regression model.

Regression models can be found using graphing utilities, such as a
graphing calculator. The steps listed below show how to find regression
models using the TI-84.

Steps for Finding Regression Models

1. The data must be entered into lists in the calculator. Press
STAT and ENTER for 1:Edit.

2. Enter the data for the independent variable into list 1, L1.
Enter the data for the dependent variable into list 2, L2.
When necessary, to delete data from a list, highlight the
name of the list at the top, and press the CLEAR button.

3. After entering in the data, press STAT, move to the right to
select CALC, and choose the appropriate regression model
for your data. Typical models would be a line of best fit, or



linear regression, which is option 4. There is also a quadratic
regression (option 5).

4. After selecting the appropriate regression model, make sure
the Xlist has L1 and the Ylist has L2. The FreqgList and Store

RegEQ can be left blank. Select Calculate at the bottom, and
press ENTER.

5. The general regression model will be listed along with the
values of each coefficient.

Example

A pediatrician wanted to find a model that related a child’s height, h, to
their head circumference, c. She randomly selects nine children from her
practice, measures their height and head circumference, and obtains the data
shown in Table 4.5. She plots the data on a graph, creating a scatterplot (see
Figure 4.20) in which she lets h represent the independent variable and c
represent the dependent variable.

Table 4.5
Head Circumference,
Height, h (inches) c (inches)
25.25 16.4
25.75 16.9
25 16.9
27.75 17.6
26.5 17.3
27 17.5
26.75 17.3




Head Circumference,

Height, h (inches) c (inches)
26.75 17.5
27.5 17.5
18
17.5 L e ] ] h
) | . o o

16.5
16

15.5
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Figure 4.20

(@) Use a graphing calculator to find the line of best fit that models the
relation between height and head circumference. Round all values to
the nearest thousandth.

(b) Interpret the slope.
(c) Predict the head circumference of a child who is 26 inches tall.

(d) What is the height of a child whose head circumference is 17.4
inches?

Solution




(a) To find the line of best fit, enter the data into .1 and L2 by pressing
STAT and ENTER. After the data have been entered, press STAT and
select CALC on the right. Type 4 for the linear regression model,
which will provide the line of best fit. Check that .1 and L2 are listed
before selecting Calculate. The calculator will display the following:

y=ax+b
a = 3733840304
b = 7.326806084

The line of best fit can be modeled by the equation y = 0.373x +
7.327. By substituting the variables given in the problem, this model
will change to ¢ = 0.373h + 7.327.

(b) The slope of the line is approximately 0.373. This means that for
every inch in height, the head circumference will increase by 0.373
inches.

(c) To predict the head circumference, substitute 26 for h and solve for c:
¢ = 0.373(26) + 7.327 = 17.025

The head circumference is approximately 17.025 inches when the
child is 26 inches tall.

(d) To predict the height, substitute 17.4 for c and solve for h.
17.4 = 0.373h + 7.327
10.073 = 0.373h
h = 27.00536193

The height of the child is approximately 27.005 inches when their
head circumference is 17.4 inches.

Different strategies can be used to select the function to model
a situation. One is to create a diagram. This will help identify
variables, restrict domain and range if necessary, and identify
the most appropriate function needed to model.



Quadratic Models

Quadratic functions model data sets or scenarios that demonstrate roughly
linear rates of change, or data sets that are roughly symmetric with a unique
maximum or minimum value.

Example

A rectangular piece of cardboard measuring 50 inches by 30 inches is to be
made into an open box with a base of 900 in.? by cutting equal squares from
the four corners and then bending up the sides. Find, to the nearest tenth of
an inch, the length of the side of each square that must be cut from each
corner.

Solution

First create a diagram that models the given scenario. Start with a rectangle
measuring 50 inches by 30 inches, as shown in Figure 4.21.

50 in

|

30 in 30 in

50 in
Figure 4.21

Cut out the four equal squares from each corner. Since the length of the
squares is unknown, let x represent the length of the side of a square.

Since the cardboard has set dimensions and it is given that the squares are
cut out so the cardboard can be bent upward, the set of numbers that x can
represent needs to be restricted. See Figure 4.22. This is what is known as
restricting the domain. The domain for this example is 0 < x < 15.
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At each corner of the cardboard, the squares are being cut out. This affects
each side of the cardboard since its length will be reduced by x on both
ends. As shown in Figure 4.23, this changes the length and width of the
cardboard.

50 - 2x
30 - 2x 30 - 2x
50 - 2x
Figure 4.23

When the sides are bent up, as shown in Figure 4.24, the three-dimensional
box is created and the height of the box is x.



50 -2x

Figure 4.24

The length = 50 — 2x, the width = 30 — 2x, and the height = x.

The area of the rectangle is the product of its length and width. The area of
the rectangle was given to be 900 in.?

To solve the problem, set up the required equation:
900 = (50 — 2x)(30 — 2x)
Multiply the terms and simplify:
900 = 1500 — 160x + 4x*

The equation can be identified as a quadratic equation. To solve for x, the
equation must be set equal to 0. To solve for x, use the quadratic formula,
factor, or graph to find the x-intercepts:

4x? — 160x + 600 = 0
Divide the equation by 4:
x2 — 40x + 150 = 0

Use the quadratic formula:



—(=40) + V(=40)? — 4(1)(150)

= 201)

. 40 =+ V1600 — 600
A~ = 9

X = 40 + V1000
x= 3
x =2 35.8113883, x =~ 4.188611699

Since the restricted domain is 0 < x < 15, the only acceptable answer is x %
4.188611699.

The length of the side of each square is 4.2 inches.

Example

The data in Table 4.6 represent the height of the ball h of a shot putter at the
instant that it has traveled x feet horizontally.

Table 4.6
20 25
40 40
60 55
80 65
100 71
120 77
140 77
160 75
180 71




Distance, x Height, h
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Figure 4.25

(a) Using the scatterplot in Figure 4.25, describe the type of relation that
may exist between the two variables.

(b) Using your answer from part (a), find the function of best fit that
models the relation between distance and height. Round all
coefficients to the nearest thousandth.

(c) Use the function of best fit found in part (b) to determine how far the
ball will travel before it reaches its maximum height.

(d) Use the function found in part (b) to find the maximum height of the
ball.

Solution

(a) Based on the scatterplot, it appears that a quadratic regression model
would best fit the data.

(b) To find the quadratic regression model, enter the data into L.1 and L.2
by pressing STAT and ENTER. After the data have been entered,
press STAT and select CALC on the right. Type 5 for the quadratic



(©)

(d)

regression model. Check that L1 and L2 are listed before selecting
Calculate. The calculator will display the following:

y=axt+bx+c
= —0.0037121212
h=1.031818182
¢ = h.6GGBGEG6GT

The quadratic regression can be modeled by the equation y = —
0.004x> + 1.032x + 5.667. By substituting the variables given in the
problem, this model will change to h = — 0.004x? + 1.032x + 5.667.

A graphing calculator can be used to find the coordinates of the
maximum of the quadratic equation. Type the quadratic regression
model into Y=. To see the graph better, change the window settings to
the following:

Xmin =0
Xmax = 300
Xscl =10
Ymin = -5
Ymax = 80
Yscl =10

Press the GRAPH button. Press 2ND TRACE and select 4:maximum.
Move the cursor to the left of the maximum point and press ENTER,
move the cursor to the right and press ENTER, and move the cursor
close to the maximum and press ENTER for GUESS.

To the nearest integers, the coordinates of the maximum are (129, 72).

Horizontally, the ball will travel 129 feet just as it reaches its
maximum height.

Using the solution above, the maximum height of the ball is 72 feet.

Note that the answers in parts (c) and (d) differ from the maximum
height that is provided in the table of values. This is because the



regression equation was used to calculate the maximum height. The
regression equation passes through most data points, not all points.
Also, the equation used had rounded coefficients, which also
contributes to the values being different.

When provided with a model, it is important to closely read the
problem to make sense of the context of the problem. This will
help identify variables, restrict domain and range if necessary,
and identify the most appropriate function needed to model.

Polynomial Models

Polynomial functions model data sets or scenarios with multiple real zeros
or multiple maxima or minima.

Example

An engineer working for an automobile company is trying to help design a
crash test barrier whose ideal characteristics are shown in Figure 4.26. The
time after impact, t, is measured in milliseconds. The distance that the
barrier has been depressed after impact, d, is measured in millimeters.

L.
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Figure 4.26



(a) If the equation for this graph is of the form d = kt(t — a)?, what is the
value of a? What does a represent?
(b) If the ideal crash test barrier is depressed by 100 millimeters after 130
milliseconds, find the equation of the graph given.
(b) What is the maximum amount of depression, and when does it occur?
Round each to the nearest integer.
Solution
(a) The given equation is a polynomial equation written in factored form.

(b)

()

The x-intercepts will give the zeros of the graph, which yield the
factors. The x-intercepts are x = 0 and x = 700. The factors of these
zeros are (x - 0) = x and (x - 700). Since the graph is tangent at x =
700, the multiplicity of that zero is even, which means that a = 700.

When a = 700, this is the time that the barrier has returned to its
original position.

The provided information gives the ordered pair (t, d) = (130, 100).
Substitute these values into the equation along with a = 700:

100 = k(130)(130 — 700)*
100 = 42237000k

E 100

237000 = O 23675
53000 = 0-00000236759

The equation is d = 0.00000236759¢ (¢t — 700)2.

After the barrier returns to its initial position at t = 700, it won’t
continue depressing. It is important to note that this affects the range
of the given graph; it won’t continue increasing when t > 700.
Therefore, the range is restricted to 0 <y < 120. To find the
maximum, a graphing calculator will be used to find the coordinates
of the relative maximum shown in the graph.

Using a T1-84, enter in the equation by pressing the Y= button.

Type the equation into Y1. Note that d will be represented by Y1 and ¢
will be represented by x.



To see the graph, the window will need to be changed. This can be
done by pressing the WINDOW button and setting the following:

Xmin =0
Xmax = 900
Xscl =200
Ymin =0
Ymax = 120
Yscl =20

Press the GRAPH button. Press the 2ND TRACE button and select
4:maximum. Move the cursor to the left of the relative maximum, and
press ENTER. Move the cursor to the right of the relative maximum,

and press ENTER. Move the cursor close to the relative maximum for
GUESS, and press ENTER.

The coordinates are approximately (233.333332, 119.92296).

The maximum amount of depression is 120 millimeters at 233 milliseconds.

Piecewise Models

Often scenarios don’t always follow the same behavior and might change
based upon different constraints such as time or money. When this occurs,
the situation needs to be modeled by a piecewise function. This allows for a
better fit of the situation over the different intervals.

Example

An electric company supplies electricity to residences for a monthly
customer charge of $7.58 plus 8.275 cents per kilowatt-hour (kWhr) for the
first 400 kWhr supplied in the month. It then charges 6.280 cents per kWhr
for all usage over 400 kWhr in the month.

(a) What is the charge for using 250 kWhr in a month?
(b) What is the charge for using 900 kWhr in a month?



(c) If Cis the monthly charge for x kWhr, write a model relating the
monthly charge and kilowatt-hours used.

Solution

(a) To figure out the charge for using 250 kWhr, the information given
for the first 400 kWhr must be used. There is the fixed monthly charge
of $7.58 and then 8.275 cents for every kWhr.

Therefore, the total charge = $7.58 + $0.08275(250) = $28.27.

(b) To figure out the charge for using 900 kWhr, the cost needs to be
broken into two parts: the first 400 kWhr and the usage over 400
kWhr. There is the fixed monthly charge of $7.58, then 8.275 cents for
every kWhr for the first 400 kWhr, and then the charge changes to
6.280 cents for the remaining 500 kWhr.

Therefore, the total charge = $7.58 + $0.08275(400) + $0.06280(500)
= $72.08.

(c) The steps to finding the solution in part (b) can help write a general
equation that models the given scenario. It is important to first
identify the independent variable. Let x = the number of kilowatt-
hours used. If 0 < x <400, the monthly charge, C, in dollars can be
found by adding the monthly charge $7.58 to the product of x and
$0.08275. So if 0 < x <400, C(x) = $7.58 + $0.08275x.

If x > 400, the increased kWhr charge of $0.06280 is multiplied by the
amount of kWhr that is more than 400. This is represented by x — 400.
So if x > 400, C(x) = $7.58 + $0.08275x + $0.06280(x — 400).

Written as a piecewise function:

G0 = {57.53 + $0.08275x, 0 < x < 400
18758 + $0.08275x + $0.06280(x — 400), x> 400

Rational Models

Data sets and aspects of contextual scenarios involving quantities that are
inversely proportional can often be modeled by a rational function.



Inverse variation is the relationship between variables that are
represented in the form y - £, where x and y are two variables and k is the
constant value or constant of proportionality. It states that if the value of
one quantity increases, the value of the other quantity decreases. Inverse
variation means that a variable is inversely varying with respect to another
variable. It represents the inverse relationship between two quantities.
Hence, a variable is inversely proportional to another variable.

There are many real-life examples of inverse variation. One example is
if the distance traveled by a train at a constant speed increases, the time
remaining for the ride decreases. A second example is if the number of
people added to a job increases, the time taken to accomplish the job
decreases.

Example

If x varies inversely with y and if x = 10 and y = 4, then what is the value of
the constant of variation?

Solution

Let k represent the constant of variation. Since x varies inversely with y,

X = {‘ or xy = k. Substitute the given values for x and y:

k
11'.1I'--‘1
k=40

The constant of variation is 40.

Example

If 24 workers can build a house in 40 days, how many workers will be
required to build the same house in 20 days?

Solution

Let x represent the number of workers employed to build the house in 20
days. The time taken to build the house is inversely proportional to the



number of workers required. So the following equation can be used:

Y =X Ya

Substitute the known information:
(243040 [.'cz'_][zﬂ}

X, =48

It will take 48 workers to build the house in 20 days.
Rational functions can also appear in geometric models as well.

Example

A rectangular area adjacent to a river is to be fenced in; no fence is needed
on the river side. The enclosed area is to be 1,000 square feet. Fencing for
the side parallel to the river is $5 per foot, and fencing for the other two
sides is $8 per foot. There are four corner posts that are $25 each. Let x be
the length of one of the sides perpendicular to the river.

(a) Write a function C(x) that describes the cost of the project.
(b) State the domain of C(x).

(b) Find the dimensions of the least expensive enclosure.

Solution

First create a diagram that models the given scenario. Start with a rectangle
with an area of 1,000 square feet, as shown in Figure 4.27. Label one side
as the river and the two perpendicular sides to the river as x.

River

X A = 1000 square feet by

Figure 4.27



The length of the side opposite the river is also unknown. Instead of
assigning it a new variable, use the given area information to represent its
length in terms of x:

Area of a rectangle = (length)(width)

1000 = (length)(x)
length = 1 UPU

Figure 4.28 shows the diagram with all four sides labeled.

River

X A = 1000 square feet X

1000
X

Figure 4.28

Since the rectangle has a set area, the set of numbers that x can represent
needs to be restricted. The domain for this example is x > 0.

Now that the sides of the model are labeled, the cost of the project can be
determined by multiplying each side by its respective cost per foot and
adding on any additional charges.

(@) cw=5(1220) 1 8x) + 8x) + 25(4) = 100 + 16x + 2200
(b) The domain is x > 0.

(c) To find the dimensions of the least expensive enclosure, graph the
function, as shown in Figure 4.29, and use the calculator to find the
coordinates of the minimum point.



2500
i /
1500

1000 /

500

X

=20 =100 10 20 30 40 50 60 70 80 90 100 110 120

Y

Figure 4.29

A good viewing window would be:

Xmin =0
Xmax = 120
Xscl =10
Ymin = -5
Ymax = 2500
Yscl =100

Press the GRAPH button. To find the minimum point, press 2ND TRACE
and select 3:minimum. Move the cursor to the left and right of the
minimum point to obtain the coordinates (17.67761, 665.68542).

The dimensions to yield the least expensive enclosure would have a width

of approximately 17.7 feet and a length of approximately % = 56.6 feet.

4.4 Composition of Functions

Two functions may be linked to form a new function by using the output of
one function as the input to the other function. The new function that is



created is called a composite function.

Given two functions f and g, the composite function, denoted by f o g(x),
which is read as “f composed with g” or “f of g of x,” is defined by:

o glx) = flg(x))

where the domain of f o g is the set of all numbers x in the domain of g
such that g(x) is in the domain of f.

In other words, if f and g are functions, the composite function f(g(x))
maps a set of input values to a set of output values such that the output
values of g are used as input values of f.

There are many properties associated with composite functions. To help
derive these properties, the following composite functions will be
evaluated.

Example

Let f(x) = x — 2 and g(x) = 10x. Find each of the following.
L feg(1)

2. g°f()

2. fof(=2)

2. geg(=1)

Solution

For functions f and g, if the output of function g is used as the input to
function f, the composite function is denoted as f ° g(x) = f(g(x)). This
composition allows you to consider g the “inside” function and shows
where the problem should begin to be evaluated. When evaluating
composite functions, first evaluate the inside function and work your way to
the outside functions.

Order of Composition



The composition of functions is not commutative. The values of
f(g(x)) and g(f(x)) are usually not equal for the same x. The
order in which functions are composed matters.

1. f o g(1) = f(g(1)). First evaluate g(1) = 10(1) = 10. Then f(g(1)) = f (10)
=(10) -2 =8.

2. g o f(1)=g(f(1)). First evaluate f (1) = (1) —2=- 1. Then g(f (1)) =
g(- 1) =10(- 1) = - 10.

3. fof(—2)=f(f(—2)).First evaluate f (- 2) = (= 2) =2 =— 4. Then f(f (-
2)=f(-4)=(-4-2=-6.

4. g o g(—1)=g(g(— 1)). First evaluate g(— 1) = 10(— 1) = - 10. Then g °
g(- 1) =g(- 10) = 10(- 10) = - 100.

When considering the solutions from (1) and (2), it can be observed that f ©
g(1) # g o f(1). Therefore, the composition of functions is not
commutative.

Example

Let f(x) = 2x — 1, fu) =2x— 1,g0 = yx + 7, and h(x) = x. Find each of the
following.

1. flg(x))

2. g(f(x))

2. f(h(x)

2. h(f(x))

2. flgx +2))
Solution

1. The inside function is g(x), which equals yx+7. That becomes the input
for the outside function, f. Substitute \x+7 for every x-term in f(x):

Jlg) - :_J'r'[\'r.l' Frr)=2(x+7)-1=2x+7 -1



The inside function is f(x), which equals 2x — 1. That becomes the
input for the outside function, g. Substitute 2x — 1 for every x-term in

gx):
gf)=g2x-1=y2x-D+7=y2x-1+7=+v2x+6

The inside function is h(x), which equals x. That becomes the input for
the outside function, f. Substitute x for every x-term in f(x):

fh))=fx)=2(x)—1=2x-1

The inside function is f(x), which equals 2x — 1. That becomes the
input for the outside function, h. Substitute 2x — 1 for every x-term in
h(x):

h(fix)) =h(2x - 1) =(2x - 1)=2x -1

The inside function is g(x). However, the input for g(x) is something
other than x. First evaluate g(x + 2) by substituting x + 2 in for every x

in g(x):

Bx+2)={x+2)+7=x+2+7="x+9
That output becomes the input for the outside function, f. Substitute
Jyx+ 9 for every x-term in f(x):

fgx+2)=flx+9)=2({x+9)-1=2{x+9 -1

Like in the previous example, when considering the solutions from (1)
and (2), it can be observed that f(g(x)) # g(f(x)). It has been proved in
general that the composition of functions is not commutative; that is,
f(g(x)) and g(f(x)) are typically different functions.

When considering the solutions from (3) and (4), it can be observed
that f(h(x)) = f(x) and h(f(x)) = f(x). This might appear to contradict the
noncommutative property of composite functions. However, this is a
special case.



A Special Case for Compositions

If the function f(x) = x is composed with any function g, the
resulting composite function is the same as g; that is, g(f(x)) =

fg(x)) = g(x).
The function f(x) = x is called the identity function.

Values for the composite function f(g(x)) can be calculated or estimated
for the algebraic, graphical, numerical, or verbal representations of f and g
by using output values from g as input values for f.

Example

Evaluate each expression using the values given in Table 4.7.

Table 4.7

-3 —2 -1 0 1 2 |3

@ -7 | 5 | 3| -1 | 3 |5]5

[1[69)] 8 3 0 -1 0 3|8
1. fg(2)
2. g(f ()
2. fog(0)
2. gog(=2)
4 Solution

1. To evaluate f(g(2)), first evaluate g(2) by locating x = 2 on the table
and sliding down to the row of g(x): g(2) = 3. Then evaluate f (3) by
locating x = 3 and sliding down to the row of f(x):



fle2) =f3) =5
2. To evaluate g(f (0)), first evaluate f (0) by locating x = 0 on the table
and sliding down to the row of f(x): f (0) = — 1. Then evaluate g(—1) by
locating x = —1 and sliding down to the row of g(x):

gflo)) =gl—-1)=0

3. To evaluate f o g(0), first evaluate g(0) by locating x = 0 on the table
and sliding down to the row of g(x): g(0) = — 1. Then evaluate f (—1) by
locating x = —1 and sliding down to the row of f(x):

fogl0) = f(g0)) = fl—1) = -3

4. To evaluate g ° g(— 2), first evaluate g(-2) by locating x = —2 on the
table and sliding down to the row of g(x): g(— 2) = 3. Then evaluate
g(3) by locating x = 3 and sliding down to the row of g(x):

gog(—2) = glg(—2)) = g3) = 8

Example

Evaluate each expression using the values given in the graphs of f(x) and
g(x) shown in Figure 4.30.

y
14{A

12
10

i (1)

Sfx)
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Figure 4.30

f(g(2))
g(f (0))
f(f (6))
g(g(- 1.5))

Solution

1.

To evaluate f(g(2)), first evaluate g(2) by locating x = 2 on the x-axis
and sliding up to the graph of g(x) to find the y-coordinate of the point
on the graph: g(2) = 3. Then evaluate f (3) by locating x = 3 on the x-
axis and sliding down to the graph of f(x) to find the y-coordinate of
the point on the graph:

fle@) = f3) = —1

To evaluate g(f (0)), first evaluate f (0) by locating x = 0 on the x-axis
and locating the point on the graph of f(x) to find the y-coordinate: f (0)
= 0. Then evaluate g(0) by locating x = 0 on the x-axis and sliding up
to the graph of g(x) to find the y-coordinate of the point on the graph:

g(ft0)) = g0) = 13

To evaluate f(f (6)), first evaluate f (6) by locating x = 6 on the x-axis
and sliding up to the graph of f(x) to find the y-coordinate of the point
on the graph: f (6) = 2. Then evaluate f (2) by locating x = 2 on the x-
axis and sliding down to the graph of f(x) to find the y-coordinate of
the point on the graph:

ff16)) =fl2) = -2

To evaluate g(g(— 1.5)), first evaluate g(—1.5) by locating x = —1.5 on
the x-axis and sliding up to the graph of g(x) to find the y-coordinate of
the point on the graph: g(— 1.5) = 2. Then evaluate g(2) by locating x =
2 on the x-axis and sliding up to the graph of g(x) to find the y-
coordinate of the point on the graph:



glg(—15))=g2)=3

Domain of a Composite Function

The domain of the composite function f(g(x)) is restricted to those input
values of g for which the corresponding output values are in the domain of
f. The composite function f(g(x)) uniquely maps input values of g to output
values of f, dependent on the domain restrictions of f and g.

Example

Let f(x) = x* — 3x + 2 and g(x) = — 4x + 7. Find:

(@) fegx)
(b) The domain of f o g(x)

Solution

(@) The inside function is g(x), which equals — 4x + 7. That becomes the
input for the outside function, f. Substitute — 4x + 7 for every x-term

in f(x):
flglx)) = fl—ax +7) = (—4x + TR —3—dx+ T+ 2
= 16x% — 28x — 28x + 49 4 12x — 21 4 2
flex)) = 16x% — 44x + 30

(b) Since the domains of both f and g are the set of real numbers, the
domain of f o g(x) is the set of real numbers.

Example

Find the domain of f o g(x) if fw) =1 and g = 2.

Solution

Since f o g(x) = f(g(x)), first consider the domain of g(x). The domain of g
is all real numbers, x # — 7. So x = -7 is excluded from the domain of f o
g(x). The domain of f is all real numbers, x # 3. So g(x) cannot equal 3. It



needs to be determined what x-values are the solution to g(x) = 3 so those x-
values can be excluded from the domain:

gx) =3

The domain of f o g(x) is all real numbers, x # — 8, x # — 7.

Some techniques in calculus make it necessary to be able to determine
the different functions of a composite function. For example, the function
c(x) = |x> — 3x| is the composition of the functions fand g, where f(x) = ||
and g(x) = x> — 3x, because c(x) = f(g(x)) = f(x> - 3x) = |x* - 3x].

vl Example
2] |

Find functions f(x) and g(x) such that f(g(x)) = c(x) and etx) = 3x = 7.

Solution

The outer function is the square root function, and the inner function is the
radicand 3x — 7. Let g(x) = 3x — 7 and f(x) = vx. Then
flglx)) = fBx = 7) =3x = 7 = e(x).

Example

Find functions f(x) and g(x) such that f(g(x)) = c(x) and etx) = 2 1 - 3.

X

Solution

The inner function is the rational function L =. If that expression is

replaced by an x, it reveals that the outer function is 2x — 3. Let g) =
and f(x) = 2x — 3. Then f(gw) = f(345) =2 315 — 3 = <.

X+ 2

1

X2




4.5 Inverse Functions

For a relation to be a function, every element in its domain must have one
and only one corresponding element in its range. On a specified domain, a
function, f, has an inverse function or is invertible if each output value of f
is mapped from a unique input value. The domain of a function may be
restricted to make the function invertible.

An inverse function can be thought of as a reverse mapping of the
function. An inverse function, f !, maps the output values of a function, f,
on its invertible domain to their corresponding input values.

Inverse Functions and Input-Output Pairs

Given function f(x), if f(a) = b, then f1(b) = a.
If a function consists of input-output pairs (a, b), the inverse
function consists of input-output pairs (b, a).

Example

(a) Find the inverse of the following function:

(=3, =27), (-2, —8), (-1, =1), (0,0), (1, 1), (2, 8), (3, 27)}

(b) State the domain and range of the function and its inverse.

(b) Determine if the inverse is also a function.

Solution

(@) The inverse of the given function is found by interchanging the entries
in each ordered pair:

{(—27, =3), (-8, -2), (-1, —1),(0, 0), (1, 1), (8, 2), (27, 3)}

(b) The domain of the given function is



{-3, -2, -1,0,1,2,3]
The range of the given function is
{—27, -8, —1,0,1,8,27}
The domain of the inverse is
{(—27, -8, —1,0,1,8,27}
The range of the inverse is
{-3,-2,-1,0,1,2,3}

(c) The inverse is a function since every element in the domain maps to
one and only one element in the range.

Example

(a) Find the inverse of the following function:
{(—3,9), (-2,4), (—1,1), (0,0), (1, 1), (2, 4), (3, 9)}

(b) State the domain and range of the function and its inverse.

(b) Determine if the inverse is also a function.

Solution

(a) The inverse of the given function is found by interchanging the entries
in each ordered pair:

{(9, =3), (4, =2), (1, = 1), (0, 0), (1, 1), (4, 2), (9, 3)}
(b) The domain of the given function is
(-8, -2, =1,0,1,2 3]
The range of the given function is

{0,1, 4, 9}



The domain of the inverse is
0,1, 4,9)
The range of the inverse is

(=8, =3, =1,0,1,2,3]

(c) The inverse is not a function since x = 1, x = 4, and x = 9 map to more
than one element in the range.

A one-to-one function, f, has an inverse, f 1 that is also a function.

Example

Determine whether the following functions are one-to-one.

1. {(-3,9),(-2,4),(-1,1),(0,0),(1,1),(2,4),(3,9)}
2. {(—2,6),(-1,3),(0,2),(1,5),(2,8)}

A function is a one-to-one function if any two different inputs in
the domain correspond to two different outputs in the range.

If x; and x, are two different inputs of a function f, then fis
one-to-one if f(x;) # f(x5).

A function is not one-to-one if two different inputs
correspond to the same output.

Solution

1. The function is not one-to-one because there are three different pairs of
inputs that correspond to the same output: —3 and 3 correspond to 9, —2
and 2 correspond to 4, and —1 and 1 correspond to 1.

2. The function is one-to-one because there are no two distinct inputs that
correspond to the same output.



For functions defined by an equation y = f(x) and for which the graph is
known, the horizontal line test can be performed to determine whether a
function is one-to-one.

The Horizontal Line Test

If every horizontal line intersects the graph of a function fin at
most one point, fis one-to-one.

Example

For each function, use its graph to determine whether the function is one-to-
one.

1. flx)=x*
2. g(x)=x°
Solution

1. Asshown in Figure 4.31, a horizontal line intersects the graph twice.
So f(x) is not one-to-one.




Figure 4.31

2. Asshown in Figure 4.32, every horizontal line intersects the graph
exactly once. So g(x) is one-to-one.

g =x°

Figure 4.32

Another interesting graphical relationship between a function and its
inverse deals with symmetry. The inverse of the graph of the function y =
f(x) can be found by reversing the roles of the x- and y-axes, that is, by
reflecting the graph of the function over the line y = x.

Example

Given the graph of the function f(x) in Figure 4.33, use the set of ordered
pairs to graph its inverse function, f 1(x), on the same set of axes.



Figure 4.33

Solution

Since this graph passes the horizontal line test, the function has an inverse
that is also a function.

Reversing the input-output pairs of the function gives a set of ordered
pairs for the inverse function. The following is a set of points on the graph
of the inverse function:

{(0.25, —2), (0.5, —1), (1, 0), (2, 1), (4, 2)}

Use this set of ordered pairs to graph the inverse function, as shown in
Figure 4.34:



A

—_—

[(0.5 KT
[(0.25, -2)

Figure 4.34
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As a check, graph the original function and its inverse along with the line y
= x to check for symmetry. This is shown in Figure 4.35.



Figure 4.35

There are also algebraic techniques to determine the inverse of a
function.

The Identity Function

The composition of a function, f, and its inverse function, 2, is
the identity function. In other words, f(f"1(x)) = f1(f(x)) = x.

Example

State whether the following functions are inverses of each other.

1. f(x)=3x—-4and g - ,'; ‘,1



2. h(X) = X2 — 4 and iX)=vVx*+4

Solution

One way to verify if two equations are inverses of each other is to take their
composition in both directions and show that both are equal to x.

1.

fe) =f(E+8) =3(2+2) -a=x+4-4=x

Bf0)=gBx— =52 2 T2y

Since f(g(x)) = g(f(x)) = x, the two functions are inverses of each other.

(i) = (V2 + 4) = (Y2 + d}2 —d=xt44—-4=x"

i) =ilx2 —4) =2 —4)2 + 4 =" — 822 + 16 + 4 = \x7 — 8x% + 20

Since h(i(x)) # i(h(x)) and they both did not equal x, they are not
inverses of each other.

It is possible to find the equation of a function’s inverse algebraically.
The inverse of the function can be found by determining the inverse
operations to reverse the mapping.

Algebraically Finding the Inverse

One method for finding the inverse of the function f is reversing
the roles of x and y in the equation y = f(x) and then solving for
y =)

Example

Find the inverse equation of f(x) = 3x + 7. Verify that the original equation
and its inverse equation are both functions.



Solution

The given equation graphs a line with a y-intercept at (0, 7) and has a slope
of 3. This graph would pass the horizontal line test, and so both the given
equation and its inverse will be functions.

To find the inverse, reverse the x and the y:
X = 3_]." 7
That equation represents the inverse, but it is more common to solve for y:

X—=7=3

_}J::'."Ig.'r

The inverse function is /'ty = 57

Example

Given the function fe) =2~ x= —1:

(a) State whether the function is one-to-one.

(b) Find the equation of its inverse.

Solution

(a) To find whether the function is one-to-one, graph f(x), as shown in
Figure 4.36, to see if it passes the horizontal line test.



(b)

‘e

20

Y
Figure 4.36

Any horizontal line drawn will intersect the graph once and only once.
Therefore, the function is one-to-one and its inverse will also be a
function.

To find the inverse function, reverse the x and the y:

o i
i ¥ 1

That equation represents the inverse, but it is more common to solve
for y:



Wy+1)=2y-1
xy+x=2y-1
y—2y==1-x
Hr=2)==1=x

¥y =

The inverse function is f~'(x) = -"1.1 =%,

Not all functions are one-to-one. So to have an inverse that is also a
function, it is necessary to restrict the domain of a function. Here the
horizontal line test can be a useful visual aid to see where to limit the
domain of a function so that the horizontal lines will intersect the function
only once.

Example

Find the inverse function of f(x) = x°.

Solution

While f(x) = x° is a function, it is not a one-to-one function as it fails the
horizontal line test. This is shown in Figure 4.37.

L
s
=

=5 O 2

Figure 4.37



Using this visual, if the domain is restricted to x > 0, the horizontal lines
intersect the graph only once, as shown in Figure 4.38.

_IY
Figure 4.38

The function f(x) = x?, x > 0 will have an inverse function.
To find the equation of the inverse function, reverse the x and the y:
x=y,yz0
Solve for y by extracting the square root:
y= V%
Since y > 0, there is only one solution:
y=vx

Therefore, the inverse function is f'(x) = vx.



Multiple-Choice Questions

1. Iff(x)=x*+1,thenfla—1)=
1.(A) a®+1
2.(B) d?
3.(C) a*-1
4.(D) a’>-2a+?2

2. Which of the accompanying diagrams depicts a one-to-one function?

(A)

A
Y

(B) 1

-4 =2 il 0




(@)
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(D) A
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3. Iff(x)=x*+1, then [0* ;? —J® _
- (]

1. (A) 2x+h
2.(B) 2x+h+?2
3.(C) h

4.(D) M2

4. Aball is thrown into the air such that its height, h, in feet at any time, t,
in seconds is given by the function h(t) = —~16t> + 80t + 10. What is the
maximum height, in feet, attained by the ball?

1.(A) 140
2.(B) 110
3.(C) 85
4.(D) 10
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If the function f is defined by f(x) = 3x + k and the function g is defined
by g =*3-1, for what value of k is f(g(x)) = g(f(x))?

1.(A) -1

2.(B) 0

3.(0) 1

4. (D) k does not exist

What is the equation of the function h(x) whose graph can be obtained

by transforming the graph of fix) = 2vx =1 + 3 up 2 units, followed by

reflecting over the x-axis, followed by a horizontal shrink by a factor of

1D
5

A) hy=-23x-1-5
(A)

B) hxy=-2lx-1+5
( \

(C) hx)=-23x-3-5

(D) heo=2|-3x-3+5

If f(x) = 5x + 1 and g = £ + k are inverse functions, what is the value of
k?

(A) -1

(D) 3
(B) 5

L=

If flo = ‘-f;."',: 2‘, find the equation of its inverse, f1(x).

(A) fim=Zt2

S5x—1
1

B) s '{x}J:-zf :'5
C) fw=%H
D) flw=&=1

Cailey wants to buy a new outdoor heater. The cost for the unit is
$349.99. If she plans to run the heater 5 months out of the year for an
annual operating cost of $121.67, which function models the cost per



year over the lifetime of the unit, C(t), in terms of the number of years,
t, that she owns the heater?

1. (A) C(t) = 349.99 + 121.67t
2.(B) C(t) = 349.99 + 608.35¢
3 (C) ) = 349.99 + 121.67¢

* ” I

4. (D) cp= 21999 + 608.35¢

10. The accompanying graph represents the equation of the polynomial
function y = f(x).

A
Y

Which graph represents g(x) if g(x) = — f(x) + 3?

(A) y
A

Y
=

A




(B) -

Y
=

C

(©) _

A
Y

(D) -

A
Y
=

[

Answer Explanations

1. (D) To evaluate f(a — 1), let the input, a - 1, be substituted into the
function for x:

fla=1=(-1%+1

Expand and combine like terms:



IS
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fla—D=@-12+1=a@-1a-1+1
=a’-2a+1+1

fla—1)=a*-2a+

I

(C) The graph of a one-to-one function must pass both the vertical line
test and the horizontal line test. Choice (A) fails the vertical line test at x
= 2. Choice (B) fails the horizontal line test for any y-values between 0
and 1.25. Choice (D) fails the vertical line test for any x > —2. Choice
(C) is the only graph that passes both the vertical and horizontal line
test, and it can be recognized as the graph of the parent function sx) ==

(A) If f{x) = x*> + 1, then:
flx+h)=x+hP+1=(x+hlx+h)+1

=x2+2xh+h+1
Then:
S+ h) - f) _ x® + 2¢h + h* + 1 (x% +1)

h - h

¥+ 2xh+h*+1—x*—1
h

_ 2xh 4 h?

h =2x+h

(B) Since the function is a quadratic with a negative leading coefficient,
the parabola is concave down, meaning there is a maximum point.
Using a graphing calculator, the function can be graphed and the
coordinates of the maximum point can be found. The y-coordinate of the
point represents the maximum height.



I

I

(2.3, 110)

The maximum height is 110 feet, and this occurs when the time is 2.5
seconds.

(C) First find the two composite functions separately.

Sy =f(251) =3(35L) + k=x—-1+k
gf) = gBx + k) = XK1

Then, set the two expressions equal and solve for k:

14 k= 3% -:--S.i: — 1

(x-1+K=3x+k-1
Ix—=-3+3k=3x+k-1
2k=2

k=1

(A) Each transformation affects the graph in a different way. A
translation up 2 units is an addition of 2 to the function, a reflection over
the x-axis negates the entire function, and a horizontal shrink by a factor
of é is a substitution of 3x in for x in the original function.



7. (B) If two functions are inverses of each other, their composition in
either direction must equal x. For this problem, f(g(x)) = g(f(x)) = x.
Find each composition, set them each equal to x, and solve for k:

flge) f(; J:) 3(; +k)+1=x+5k+1

Y+ 5k+1=x
Sk+1=10
k=—1

g f(0) = g6x + 1) = = :;:' JE T 1 &

.r-l-h'::t
e ]
Lik=o
]

= 1L
3

8. (C) To find the equation of an inverse, reverse the x and the y and solve
for y. The result will represent the inverse:

X:

IU"I 4 2] :;J." — |
xy4+2x=58y—1

y=fl(x) = 1—2¢x_ _1+2x 1+2x 2x+1
v g Xx—5 X—5 X+5 E—-x

9. (C) To determine the cost function, there is a fixed cost of $349.99 that
happens once and then an additional operating cost of $121.67 that is
paid every year. The operating cost is not dependent on the number of
months Cailey runs the heater. To find the cost per year over the lifetime
of the unit, take 349.99 + 121.67t and divide that by the number of years
she owns the heater.

10. (C) The given function is g(x) = — f(x) + 3. Verbally, these changes to
the function mean the graph is reflected over the x-axis and is shifted up
3 units. Only one graph has both transformations.
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Exponential Functions

Learning Objectives

In this chapter, you will learn:

The different properties of exponential functions

How to graph exponential functions

How to transform graphs of exponential functions

How to model real-world scenarios using exponential functions

L 2

General Form

The general form of an exponential function is f(x) = ab*, with the initial value
a, where a # 0, and the base b, where b >0 and b # 1.

The previous chapters dealt with algebraic functions, a function expressed as an equation
in which real numbers and the variable are connected only by the operations of addition,
subtraction, multiplication, division, and exponents. This chapter will discuss an important
type of nonalgebraic function that can be used to model certain types of growth processes.

5.1 Exponential Functions

The following equations all have a 2 and an x: y = 2x, y = x, and y = 2*. However, they are
each very different functions. The first equation is a linear function, and its graph is a
straight line. The second equation is a quadratic function, and its graph is a parabola. The
third equation is called an exponential function. The exponential function has an exponent
that is a variable, and its base is a number. An exponential function is a nonalgebraic
function in which the independent variable is in the exponent.

Exponential Graphs



The functions f(x) = 2* and g(x) = (%)x are both exponential functions. The graph of f(x) is
shown in Figure 5.1, and the graph of g(x) is shown in Figure 5.2.

y
A /
fo= 2/
< - _-—-"—/ > )
26 L3 -4 3 ) - 0 3"
Figure 5.1
v
\ A
g =(3)
A
1 \\_; i
Tk L L L 0 3 4 5
Y

Figure 5.2



There are many similarities between the two graphs, which lead to generalizations for the
graphs of exponential functions, y = ab™:

1. Domain is all real numbers.

2. Range is (0, o).

3. y-intercept is (0, 1).

4. Horizontal asymptote at y = 0.

5. When a >0 and b > 1, the function always increases, or demonstrates exponential
growth.

6. Whena > 0andO0 < b < 1, the function always decreases, or demonstrates
exponential decay.

7. Exponential functions do not have extrema unless on a closed interval.

8. When a > 0 and b > 0, the graph is always concave up.

9. Whena <0 and b > 0, the graph is always concave down.

10. The graphs of exponential functions do not have inflection points.
Example

Use the graphs of f(x) = 2* and g - (-,-1-)x, and the graph of h(x) = — 3" shown in Figure 5.3,

2

to evaluate the following limits.

Figure 5.3

. Iilmx f



2. Jim fe
3 - Iilm1 2(x)
4, Jim gx)

5 _,-“.‘“\ hix)
6 xlitl'll h(x)
Solution

Since all these limits have x approaching infinity, to evaluate them, consider the end
behavior of each function in either the negative or positive direction.

1
2
3
4.
5
6

D.

Jdim fy=0
,‘HI.‘{ flvy=nc
. Iim1 Bl =nc
111'1.11 g =0

3 IE.m\ hixi=10

;“T-‘l hix)=—oc

End Behavior of Exponential Functions

For an exponential function in general form, as the input values increase or
decrease without bound, the output values will increase or decrease without
bound or will get arbitrarily close to 0.

This means that the end behavior of an exponential function can be one of
three limits:

lim a-b* =
K=t

lim a-b*=-x
K=k

lim a-b*=0
X=12C

2 Exponential Function Manipulation

The familiar laws of integer and rational exponents hold true for variable exponents as
well.

Laws of Exponents



= Multiplication (Product) Law of Exponents: a* - @’ = a**¥
= Quotient Law of Exponents: 2;-a*~

= Power of a Power Law of Exponents: (&¥) = a¥

= Negative Exponent Law: &~ ; and ;5 -

= Rational Exponent Law: .7 _ ¢ (/3)"

m Zero Exponent Law: al= 1,a#0

The laws of exponents lead to very interesting graphical transformations in exponential
functions.

Example

Graph f(x) = 2% and g(x) = 2**3 on the same set of axes. State the transformation of the
graph from f(x) to g(x).

Solution

The graphs of the two functions are shown in Figure 5.4 on the same set of axes.
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Figure 5.4



Since g(x) = 2¥*3 = f(x + 3), the g(x) graph is the f(x) graph shifted 3 units left.

This can also be looked at in a different way using laws of exponents. Since g(x) =
=2X.23=23.2X=8- 2% this can also be considered a vertical stretch of the graph of f(x)
by a factor of 8. Figure 5.5 is the graph of f(x) = 2* and h(x) = 8 - 2%

2X+3

y

A
f) =27
> X
1 2
_1Y
Figure 5.5

The graphs of g(x) and h(x) are identical.

Product Property and Vertical Dilation

The product property for exponents states that b™b" = b{™*". Graphically, this
property implies that every horizontal translation of an exponential function,
f(x) = b%*0 is equivalent to a vertical dilation, f(x) = b®*K) = bXbK = ab*, where
a = bk

Example

Given the exponential function g(x) = 5"

(a) State its parent function, f(x).



(b) State the transformation that exists between the given function, g(x), and its parent
function, f(x).

(b) Write a unique function, h(x), that is equivalent to the function g(x).

(b) State the transformation that exists between h(x) and its parent function, f(x).

Solution

(a) The parent function is f(x) = 5%
(b) The graph of g(x) is a horizontal shift 1 unit to the right of the graph of f(x).
(b) Since gx) =51 =551 =5"1.5 l}m h(x) = L.5%,

5

(b) The graph of h(x) is a vertical shrink of the graph of f(x) by a factor of }} .

The power of a power law of exponents also leads to an interesting graphical
transformation.

Power Property and Change of Base

The power property for exponents states that (b™)" = b, Graphically, this
property implies that every horizontal dilation of an exponential function, f(x) =
b, is equivalent to a change of the base of an exponential function, f(x) =
(b)Y, where bC is a constant and ¢ # 0.

Example

Given the exponential function g(x) = 817, state the factor of the horizontal dilation of g(x)
if its parent function is f(x) = 3%

Solution

Since 81 = 34, then g(x) = 81% = (3** = 3%. Therefore, the graph of g(x) is a horizontal
shrink by a factor of } of the graph of f(x).

Example

Show that the graph of g = 4‘,\. is a reflection over the y-axis of the graph of f(x)=4*.

Solution

Using the negative exponent law, g(x) = __il,. =4-*= f(-x). f(—x reflects the graph of the original
function, f(x), over the y-axis.



Example
Rewrite the function hx) = \E in the form f(x) = ab*.
Solution

X X

Using the exponent laws, p(x) = 1-[,;1- = =(3%=3% =1.5°.

5.3 Exponential Function Context and Data Modeling

Previous chapters discussed how to recognize if tables of data represented linear or
quadratic functions. Exponential functions model growth patterns where successive output
values over equal-length input value intervals are proportional. When the input values are
whole numbers, exponential functions model situations of repeated multiplication of a
constant to an initial value.

Example

Determine whether the functions in the tables below are linear, exponential, or neither. For
those that are linear, find a linear function that models the data. For those that are
exponential, find an exponential function that models the data.

1.
2.
3.

Solution

For each table, the input values are of equal length, so calculate the average rate of change.
If the average rate of change is constant, the function is linear. Also compute the ratio of
consecutive outputs. If the ratio is constant, the function is exponential.

1. For Table 5.1, the average rate of change for every 1 unit increase in x is —3. Since this
is a constant rate of change, the function is linear. To write the equation of the linear
function, y = mx + b, find the slope, m, and the y-intercept, b. The average rate of
change is the slope, so m = — 3. The y-intercept, b, is the value of the function at x = 0,
so b = 2. The linear function that models this data is f(x) = — 3x + 2.

Table 5.1




2
1 -1
2 4
3 -7

For Table 5.2, the average rate of change from —1 to 0 is 2, and the average rate of
change from 0 to 1 is 3. Because the average rate of change is not constant, the
function is not linear. The ratio of consecutive outputs from —1 to 0 is 2, and the ratio
of consecutive outputs from 0 to 1 is . Because the ratio of consecutive outputs is not
constant, the function is not an exponential function.

Table 5.2
-1 2
0 4
1 7
2 11
3 15

For Table 5.3, the average rate of change from —1 to 0 is —16, and the average rate of
change from 0 to 1 is —8. Because the average rate of change is not constant, the
function is not linear. The ratio of consecutive outputs from -1 to 0 is %, and the ratio
of consecutive outputs from 0 to 1 is 4. The ratio of all consecutive outputs for every
1-unit increase is ; Since the ratio of consecutive outputs is constant, the function is
an exponential function with a growth factor of »=1. The initial value of the
exponential function, a, can be found when x = 0, so a = 16. Therefore, the

exponential function that models the data is hx) = a-b* = 16- (%)\

Table 5.3




16
1 8
2 4
3 2

An exponential function model can be constructed from an appropriate ratio and initial
value as shown in the previous example. An exponential function model can also be
constructed from two input-output pairs. The initial value and the base can be found by
solving a system of equations resulting from two input-output pairs.

Example

Determine an equation for the exponential function whose graph is shown in Figure 5.6.

(5, 8.05)

(0, 4)

Y

Figure 5.6

Solution

Since it was given that this models an exponential function, use the two sets of ordered
pairs of the function to create a system of equations to find the a- and b-values in the
general exponential equation form, f(x) = a - b*.

Substituting (0, 4) yields the equation 4 = a - b°. Since b # 0, then b = 1 and a = 4.



Substitute (5, 8.05) and a = 4 into the equation f(x) = a - b*:
8.05=4-b"

Solve for b:

s = 805
af B
b= 1i|-'f3'-";3’~’ =~1.15

An equation to model the exponential function is f(x) = 4 - (1.15)*.

Modeling Growth and Decay

The growth patterns of many types of biological and physical quantities closely
approximate exponential curves whose equations have the general form:

fly=a-b*

where a represents the initial amount, b represents the constant growth factor, and x
represents the time variable.

When a quantity grows linearly over time, it increases by the same amount over equal
intervals of time. When a quantity grows exponentially, it increases by a fixed percent of
its previous value over equal intervals of time.

If a quantity is increasing at a constant annual rate of r of its previous value, after t
years, an initial amount, a, of that quantity has grown to amount f{(t).

Example

Suppose that $450 is deposited in a bank account that earns 8.2% interest compounded
annually. State the balance in the account after each of the following time periods.

(@) 1 year

(b) 2 years

(b) tyears
Solution

(a) After 1 year, the balance in the account is

450 + (450)(0.082) = 450(1 + 0.082] = 450(1.082)
(b) After 2 years, the balance in the account is
450(1.082) + (450(1.082)) - (0.082) = 450(1.082)[1 + 0.082] = 450(1.082)(1.082) = 450(1.082)2

(c) Based on (a) and (b), a pattern is emerging that leads to a general formula for t years:



J) = 450(1.082)°

The function in part (c), f(t) = 450(1.082)}, is called an exponential growth model. The
initial amount a = f (0) = 450, and the annual growth factoris 1 + r =1+ 0.082 = 1.082. If
a quantity is decreasing at a constant annual rate of r% of its previous value, then r <0,
and the exponential function that describes the process is referred to as an exponential
decay model.

il Example
Pl

Determine the exponential function that has an initial value of 15 and increases at a rate of
12% each year.

Solution

The given information provides the initial value, a = 15, and the rate of increase, r = 12% =
0.12. Therefore, the exponential function is f(t) = 15 (1.12)", where t represents time in
years.

Example

Suppose a culture of 100 bacteria in a Petri dish doubles every hour. Write a model that fits
this bacterial growth, where P(t) represents the total bacteria after t hours. Use the model to
predict when the number of bacteria will be 5,000.

Solution

To recognize the type of model that is being described with the given information, create a
table of values until a pattern is recognized. This has been done in Table 5.4.

Table 5.4
Total bacteria after 1 hour 100 -2 =200
200 - 2 =400
Total bacteria after 2
or
hours
100 - 2 - 2 =400

400 - 2 = 800

Total bacteria after 3 o

hours
100-2-2-2=800

An equation that models this behavior is P(t) = 100 - 2.



To predict when the number of bacteria will be 5,000, use technology to graph the
exponential model and the line y = 5,000 and find their point of intersection. This is shown
in Figure 5.7.
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Figure 5.7

The point of intersection is (5.644, 5000). The number of bacteria will be 5,000 after 5.644
hours.

il Example
Pl

Suppose the half-life of a certain radioactive substance is 20 days and there are 5 grams
present initially. Write a function that models this situation, and use the model to predict
the time when there will be 1 gram of the substance remaining.

Solution

If ¢ is the time in days, the number of half-lives is ;5. The function f~s5(1) " models the
mass in grams of the radioactive substance at time t.

To find when there will be 1 gram of the radioactive substance left, use technology to
graph the exponential model and the line y = 1 and find their point of intersection. This is
shown in Figure 5.8.
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Figure 5.8

The point of intersection is (46.439, 1). There will be 1 gram of the radioactive substance
left after approximately 46.439 days.

Example

Christopher buys a new car for $32,750. The car depreciates by about 11.75% per year.
Write an equation to model this situation. Use the equation to determine the value of the
car after 4 years.

Solution

The given situation can be modeled by an exponential decay function, f(t) = a - (1 + r),,
where r = - 11.75% = - 0.1175, a = 32,750, t = years, and f(t) = value of the car.

An equation to model the data can be written as f(t) = 32,750 - (1 — 0.1175)".

The value of the car after 4 years can be found by evaluating f (4) = 32,750 (1 -
0.1175)* = $19,864.16.

Like with linear and quadratic functions, exponential function models can be
constructed for a data set with technology using exponential regressions.

Example

The breaking strength in tons, y, of a steel cable with diameter x, in inches, is given in
Table 5.5.

Table 5.5




y(tons) 9.85 148 | 31.3 48.2 61.4

Using technology, fit an exponential regression equation to the data, expressing the
coefficients to the nearest thousandth. Using this regression model, estimate, to the nearest
tenth of a ton, the breaking strength of a steel cable with a diameter of 1.75 inches.

Solution

Enter the data into L1 and L2 by pressing STAT EDIT. After the data have been entered,
press STAT, CALC, and 0:ExpReg.

The calculator gives the coefficients for a and b. The exponential function that models
the data is approximated by y = 3.848(6.933)".

If x = 1.75 inches, then y = 3.848(6.933)"7° ~ 113.9848583 tons. The breaking strength
of a steel cable with a diameter of 1.75 inches, to the nearest tenth of a ton, is 114.0 tons.

Modeling Continuous Growth and Decay

Quantities that grow or decay continuously over time at an exponential rate can be
modeled by the following function:

fl=a-e"

where a is the initial amount, f(t) is the amount present after t units of time, e is the natural
base and equals approximately 2.718, and k is some constant specific to the particular
growth or decay process that the function is modeling.

Example

If $12,000 is invested for 7 years and interest is compounded continuously at an annual
rate of 5%, what is the balance at the end of 7 years?

Solution

Since the interest is compounded continuously, the function f(t) = a - € can be used to

model the data. It is also given that the initial amount, a, is 12,000, the annual rate, r = k, is
5% = 0.05, and the time, t, is 7. Substitute the values into the equation:

J(7) = (12,000) - 00917 = §17,028.81

5.4 Competing_Function Model Validation

Depending on the patterns of a set of data of an event, it is possible to construct linear,
quadratic, and exponential models that can help make predictions based on the event. Two



variables in a data set that demonstrate a slightly changing rate of change can be modeled
by linear, exponential, and quadratic function models.

Models can be compared based on contextual clues, by considering scatterplots of data,
or by examining the relationships with consecutive terms or rates of change to determine
which model is most appropriate.

A model can be deemed appropriate by finding its coefficient of determination, which is
notated as r°. The r’-value is a measure of the goodness of fit of a model. In regression, the
r? coefficient of determination is a statistical measure of how well the regression
predictions approximate the real data points. An r* of 1 indicates that the regression
predictions perfectly fit the data. If using a T1I calculator to find this value, press 2ND 0,
and scroll down to DiagnosticOn. Press ENTER twice so that the word Done appears on
the screen. Once this is complete, anytime a regression equation is found, the r>-value will
appear at the bottom of the regression model.

Example

Three different tables of data are given below. For each, determine whether a linear,
quadratic, or exponential model is most appropriate for the data. Justify your answer. Using
technology, write a regression equation that is a best fit model for each set of data.

1. Table 5.6 shows fuel efficiencies of a vehicle at different speeds.

Table 5.6

Miles per
hour, x

20 24 30 36 40 45 50 56 |60 70

Miles per

145 | 175 | 21.2 | 23.7 | 252 | 25.8 | 25.8 | 25.1 |24|19.5
gallon, y

2. Table 5.7 shows the humerus lengths (in centimeters) and heights (in centimeters) of
several females.

Table 5.7

Humerus length
(cm), x

Height (cm), y 130 142 141 145 152 154 159 |166

22 25 26 27 28 30 32 |33

3. Table 5.8 shows the U.S. population in millions between the years 1900-2011.



Table 5.8

1920

1930

1940

1950

1960

1970

1980

1990

2000

2011

Population
(in  EEEIE

millions),
y

106

123.2

132.2

151.3

179.3

203.3

226.5

248.7

281.4

311.6

Solution

Since all the tables have x-values that are not equally spaced, the differences between the
outputs cannot be analyzed. Instead, use technology to create a scatterplot of each set of
data to find a function that models the data.

1. Figure 5.9 is the scatterplot for the data found in Table 5.6.
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Based on the scatterplot, the data can best be modeled by a quadratic function.

Use a graphing calculator to find the best-fit equation by calculating the quadratic
regression. The quadratic regression equation is f(x) = — 0.014x> + 1.366x — 7.144 with r* =
0.999. Since the r’-value is very close to 1, this indicates an appropriate model for the data

set.

2. Figure 5.10 is the scatterplot for the data found in Table 5.7.
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Figure 5.10

Based on the scatterplot, the data can best be modeled by a linear function.

Use a graphing calculator to find the best-fit equation by calculating the linear
regression. The linear regression equation is f(x) = 3.0527x + 63.531 with r* = 0.9847.
Since the r’-value is very close to 1, this indicates an appropriate model for the data set.

3. When working with years, often it is easier to scale the years to have a better-fitting
scatterplot. For the data in Table 5.8, let x represent the number of years after 1900. So
in Figure 5.11, O represents 1900, 10 represents 1910, and so on.



300

250

200
AV

150

100

560

A

4544444

Oy

20

30 40

50

60

70 8

Figure 5.11

90

1001

Based on the scatterplot, the data can best be modeled by an exponential function.
Use a graphing calculator to find the best-fit equation by calculating the exponential

regression. Enter the data in the calculator using the scaled x-values. The exponential

regression equation is f(x) = 81.27455 - 1.0126* with r> = 0.9946. Since the r?-value is very
close to 1, this indicates an appropriate model for the data set.

Example

Table 5.9 shows the U.S. population in millions between the years 1900-2000. Using

technology, find an exponential regression model that represents the values shown in the
table. Use that regression equation to predict the U.S. population for the year 2011.
Compare the result with the actual 2011 population, which was 311.6 million.

Table 5.9

1910

1920

1930

1940

1950

1960

1970

1980

1990

2000

Population
(in millions), W

y

92.2

106

123.2

132.2

151.3

179.3

203.3

226.5

248.7

281.4

Solution




Enter the data into a calculator. The exponential regression equation is f(x) = 80.55136 -
1.01289" with r? = 0.995, which indicates that this is a close fit.

To find the predicted population in the year 2011, evaluate

fU111) = 80.55136-1.01289"11 = 333.8

Compare this predicted value to the actual value in Table 5.8; the predicted value is an
overestimation of the population by about 22 million persons. The difference between the
predicted and the actual values is known as the error in the model.

This error can also be shown visually by graphing the regression equation with the
scatterplot as shown in Figure 5.12.
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Figure 5.12

The graph of the regression equation is well above the data point (111, 311.6). The distance
between the regression equation and the other data points is not as great as the distance
between the equation and the last data point, showing that the greatest error occurs with the
2011 estimation.

Residuals

The difference between an observed value of data and the predicted value from a
regression equation is called a residual. Each data point has one residual.

A residual plot is a graph that shows the residuals on the vertical axis and the
independent variable on the horizontal axis. If the points in a residual plot are randomly



dispersed around the horizontal axis, a linear regression model is appropriate for the data;
otherwise, a nonlinear model is more appropriate.

Calculating the Residual

Residual = Observed value - Predicted value

Example

Below are four residual plots. Using each graph, comment on the most appropriate model
for each set of data.
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Solution

1. The plot in Figure 5.13 shows a random pattern. This random pattern indicates that a
linear model provides an appropriate fit for the data.

2. The plot in Figure 5.14 shows a random pattern. This random pattern indicates that a
linear model provides an appropriate fit for the data.

3. The plot in Figure 5.15 is U-shaped and not random. This nonrandom pattern indicates
that a nonlinear model provides an appropriate fit for the data.

4. The plot in Figure 5.16 is U-shaped and not random. This nonrandom pattern indicates
that a nonlinear model provides an appropriate fit for the data.

Example

Table 5.10 gives the years since 1890 and the population in millions of the people in
California.

Table 5.10

Years since 1890, x 0 20 40 60 80 100

Population in millions, y A 2.38 5.68 10.59 19.97 39.76




(a) Create a scatterplot using this data.
(b) Find the equation for the curve of best fit for the data.

(b) Create a residual plot, and comment on the appropriateness of your model from part

(b).
Solution
(a) Figure 5.17 is a scatterplot using this data.
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Figure 5.17

(b) Based on the scatterplot, it looks like an exponential regression equation would best
fit the data. Using technology, the exponential regression equation is y = 1.251579 -
(1.0355688)* with r? = 0.997558.

(c) First create a table of values to help graph the residual plot, as shown in Table 5.11.

Table 5.11
Predicted y-value from Residual = Observed value -
Regression Equation Predicted value

0 1.21 1.2516 -0.0416
20 2.38 2.5179 -0.1379
40 5.68 5.0654 0.6146
60 10.59 10.191 0.399

80 19.97 20.501 -0.531




Predicted y-value from Residual = Observed value -

Regression Equation Predicted value
100 39.76 41.243 -1.483
L5k
1
05 Py
¥ 0 10 o)l 30 4 50 60 70 80 9 IOO; *
—0:5 ®
—1
=5 O
-2Y
Figure 5.18

Overall, the residual plot shown in Figure 5.18 looks U-shaped. This nonrandom pattern
indicates that a nonlinear model provides a more appropriate fit for the data. This would
support using an exponential regression equation to model the data.

Multiple-Choice Questions

1.

A scientist studying bacteria growth notices interesting behavior with the replication of
cells over the course of 24 hours. She records her description of the behavior in hopes
of writing a function that can be used to make predictions for future bacteria growth.
She observed that for the first 8 hours, the number of bacteria, y, increased at a
constant rate of 10 cells per minute. After the initial 8 hours, the number of bacteria
varied inversely with time, x, with a proportional constant of 3 for the next 10 hours.
Between hour 18 through hour 20, the bacteria decreased at a constant rate of 5 cells
per minute. In the last 4 hours, the bacteria doubled in growth every minute. Which of
the following models best fits the scientist’s observations?

105,0<x<8

3 - -
(A) y= _.._...8&.\;:18
—5x, 18 < x < 20

220 <x<24
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Wx0<x<8

3 <
(B) y= X 8<x<18
5x, 18 <x <20
2x,20 < x < 24
106, 0<x<8

34_ . -
(C) y= ¥ g<x<18
Sx, 18 < x < 20
2%, 20 < x < 24
[ 10x, 0<x<8§

(D) V=4 i‘"ﬁ{x;‘- 18
’ =5x, 18 <x <20
L 2x, 20 < x <24

A radioactive substance has an initial mass of 250 grams, and its mass halves every 5
years. Which equation shows the number of grams, M(t), remaining after t years?

(A) M) =250 (5)%4
(B) M) - 230(% )r
(C) M(t)=250(5)*

(D) M) = 250 (é)..r

A culture of 3,000 bacteria triples every 40 minutes. If P(t) represents the size of the
bacteria population after t minutes, which equation can be used to model the
exponential growth of these bacteria?

(A) P(t) = 3,000 (40)*

(B) P(t) = 3,000 (3)74°

(C) P(t) = 3,000 (3)*

(D) P(t) = 3,000 (40)"3

When exposed to sunlight, the number of bacteria in a culture decreases exponentially
at the rate of 10% per hour. What is the best approximation for the number of hours
required for the initial number of bacteria to decrease by 50%?

(A) 6.6

(B) 6.0

(C) 54

(D) 4.6

Which of the functions are equivalent?
L fix) =2
II. gx)=8-27

III. ho= fx
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(A) TandII only
(B) Tand III only
(C) II and IIT only
(D) L 1I, and III

Which of the functions given below are equivalent?

L f(x)= (9"
II. g(x)=3*
III. h(x) = 4.5"

(A) TandII only
(B) Iand III only
(C) II and III only
(D) L II, and III

Michael buys a new computer at full price. He learns that each year the value of the
computer depreciates at a rate of 7%. Which of the following residual plots would best
fit the model of depreciation?
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9.

Ifa>0,b>1,and c <0, evaluate Jim a-b=,
(A) —o0

B) 0

©) 1

(D) o

10. Given f(t) = - 5 - €’t, find Jim f,

(A) - o
(B) 0
©) 1
(D) o

Answer Explanations

1.
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I

=

(A) Look at the different time intervals. In the first 8 hours, the bacteria grew at a
constant rate of change, which implies that it is a linear model with a slope of 10. The
first equation should be y = 10x. In the second interval, between hours 8 and 18, the
growth is described as an inverse variation, which takes on the model y - £. Since the
constant of proportionality is given as 3, the equation is y = 2. Between hours 18 and 20,
the bacteria decreased at a constant rate of change, implying that a linear model with a
negative slope best fits; y = —5x. Finally in the last 4 hours, the cells doubled, which
means they grew in such a way that it was 2 then 4 then 8 then 16. This pattern follows
the equation y = 2%,

(B) If t is the time in years, the number of half-lives is £. The function m( = 250(} ]

models the mass in grams of the radioactive substance at time t.

(B) If t is the time in minutes, the number of times the bacteria triples is -;0. The

function P(t) = 3,000 (3)”4 models the size of the bacteria population after t minutes.

(A) Since the model is exponentially decreasing, an equation to fit this data is f(t) = a(1
-r).Letr=10% =0.10,a =1, and fn = ;:

1.
5= 1(1 = 0.10)'

Using technology, graph both y=1 and y = 1 (1 - 0.10)' on the same set of axes
and then find their point of intersection.
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The point of intersection is (6.579, 0.5). The time the bacteria will be half of its initial
value is approximately 6.579 hours.

(D) Beginning with the first equation, f(x) = (2)> and using the laws of exponents,
(2% =23.27%=8-2X=g(x). SoIand II are equivalent. Using the law of negative
exponents, 8. 2% = :f_\.- -hx). So I, I1, and III are all equivalent.

(A) Since 3 = 9'2, then 3% = (9/%)* = 9¥?, So I and II are equivalent. There is no
connection between base numbers 4.5 and 3 and 9, so III is not equivalent to the other
two.

(C) The description of the situation fits an exponential model. Choices (A) and (B)
show a random pattern. This random pattern indicates that a linear model provides an
appropriate fit. The residual plot in Choice (C) is U-shaped and not random. This
nonrandom pattern indic